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Abstract

We investigate an interregional mixed duopoly where a local pubic firm competes against
a private firm. We employ a spatial model with price competition. The public firm is owned
by the local government of the left half of the linear city, called Region 1, and maximizes the
welfare of Region 1. We demonstrate that our two-stage game composed of location choice
and price competition has two types of equilibria. In one equilibrium, the public firm locates
in Region 1 and the private firm locates in the outside of the region. In the other equilibrium,

both the firms are located in Region 1.

JEL classification: L13; L32; R32; R59

Keywords: Interregional mixed duopoly; Local public firm; Spatial model

1 Introduction

In the recent waves of privatization, not only state-owned firms but also local public firms have
been privatized. Nevertheless, local public firms still exist in many developing countries as well as
in developed countries. One reason for this is that they usually supply, necessities such as natural

gas, electricity, water services, medical services, and educational services. In most cases, such
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goods and services are also provided by private firms. The purpose of this paper is to investigate
mixed markets where private and local public firms compete.

Competition among public and private firms has been studied in the literature on mixed
oligopoly (for example, see De Fraja and Delbono, 1989). It usually assumes one country or
one market in which one public firm and several private firms compete, and examines the effect
of the privatization of the public firm on social welfare. Thus the literature has not established
an appropriate model of the behaviors of local public firms in a country consisting of a number of
regions or provinces. Certainly, a few previous studies such as Fjell and Pal (1996), Pal and White
(1998), and Matsushima and Matsumura (2006) investigate the effect of imports from foreign firms
on the domestic mixed market. If we regard the domestic and foreign countries as provinces or
counties, it seems that some works analyze the mixed market, which includes a local public firm.
However, in the real world, the local public firms in one region often supply goods and services to
consumers in other regions. For example, state hospitals and state universities supply services to
the residents of other states. Therefore, in this paper, we establish a model where a local public
firm in a region competes against a private firm and supplies goods and/or services to consumers
who live outside the region.

For this purpose, we employ a Hotelling-type spatial model (Hotelling, 1929) in which popu-
lation is dispersed and each consumer has a specific personal address on the line with a length
of unity (hence, so-called the linear city). In this model, firms locate at a point on the line and
the purchase of the goods from one of them involves transportation costs that vary according to
the consumer’s location. Because consumers have to incur the transportation costs of goods, they
choose which firm they purchase from, taking into account the transportation costs in addition to
prices. Some works on mixed oligopoly use a spatial model (see, e.g., Cremer et al., 1991; Mat-
sumura and Matsushima, 2003, 2004; Matsushima and Matsumura, 2003). Cremer et al. (1991)
carried out a pioneering work on the spatial mixed oligopoly, in which they assumed that state-
owned and private firms exist in a linear city and decide their locations and prices.! We extend
their model by dividing the city into two symmetric districts, Regions 1 and 2, each of which is
run by a local government, and thus, a firm owned by the government is regarded as a local public

firm.

In their models, the state-owned firm indicates the firm that maximizes the welfare of the entire city (social
welfare). For instance, Cremer et al. (1991) analyze how social welfare is affected by the number of state-owned and

private firms.



This paper is different from Cremer et al. (1991) in terms of the ownership of the public
enterprise. In Cremer et al. (1991) the owner is a central government that has authority over the
entire linear city. In contrast, in this paper, it is the local government that runs a half of the
city. We suppose that the local government of Region 1 owns the public firm and the owners of
the private firm are in Region 2. In addition, we also assume that the local public firm aims at
maximizing the local welfare in Region 1 and that the local welfare does not include the profit of
the private firm.

In the above setting, we find that our model of location choice and price competition has
multiple equilibria. In one equilibrium, the local public firm locates in the region run by the
government and the private firm locates outside the region. In this equilibrium, all the goods to
the residents in Region 1 are supplied by the local public firm. Moreover, this firm also provides
goods to some of the residents in Region 2. In the other equilibrium, both the firms locate in
Region 1. In contrast to the former equilibrium, a large portion of the consumers in Region 1 is
supplied by the private firm and the local public firm monopolizes the demand of the residents in
Region 2. An important welfare implication is that the latter equilibrium is more preferable than
the former in terms of the payoffs of the local public firm and the private firm. In other words,
both the local welfare of Region 1 and the profit of the private firm are higher in the equilibrium
where both the firms locate in Region 1 than in the equilibrium where they locate in different
regions.

Our model can be interpreted as one of foreign direct investment. Let us consider Region
1 as a domestic country and, thus, a local public firm as a domestic public firm. Region 2 is
considered as a foreign country that is adjacent to the domestic country and where the market for
goods is unified among the two countries. Consider a situation that the entry of foreign firms is
substantively prohibited by an exorbitant corporate tax on them. In this case, the first equilibrium
can arise because the foreign private firm prefers a location at Region 2. On the other hand, in
the case where the domestic government attracts the foreign firm into the domestic country, the
second equilibrium occurs because the profit of the foreign firm in the second is greater than that in
the first equilibrium. Thus, our result indicates that the domestic country can improve its welfare
through opening the domestic market to the foreign firms.

There exist some studies that are closely related to our model. Tharakan and Thisse (2002)

analyze the model in which two regions are divided by a boundary point on the linear city and



each region has a private firm. However they assume that each private firm locates at the center
of its region, although in our model, firms’ locations are determined endogenously and they can
locate in either country. Barcena-Ruiz and Garzén (2005) analyze the model where two regions (or
countries) trade with one another and their governments strategically decide whether they privatize
their own public firms. They show that the decision of privatization and the trade patterns are
determined by the difference of the marginal costs between the local public and private firms. In
their model, there is no trade if there is no difference in the marginal costs. We present a model
where a local public firm exports to the other region even though both the private and public firm’s
marginal costs are identical.

The remainder of this paper proceeds as follows. In Section 2, we explain our basic framework of
the spatial model. In Section 3, we first explore the subgame perfect equilibrium for the two-stage
game: in the first stage, a local public firm and a private firm choose their location, and in the
second stage, they compete in price. We then discuss the properties of two types of equilibria. In
Section 4, we extend the basic model. In Section 5, we offer some concluding remarks and discuss

the possibility for future research.

2 Model

We consider a spatial model in which there is a linear city of length one represented by the interval
[0, 1] and consumers that are uniformly with density one. This city comprises two districts - [0,1/2)
and [1/2,1] - referred to as Region 1 and Region 2, respectively.

There are two firms that produce a homogeneous good at zero cost. One firm, indexed by A,
is owned by the local government of Region 1 and the other, indexed by B, is owned by private
shareholders in Region 2.2 Let a € [0,1] and b € [0,1] denote the locations of Firms A and B,
respectively. We assume that each consumer purchases one unit of the good irrespective of the
price. To purchase the good, the consumer must incur the transportation cost that is quadratic
in distance between the firm’s and his/her locations, in addition to the mill price. For instance,
a consumer living at point y € [0,1] incurs a transportation cost of ¢(y — a)? and mill price P4
when he/she purchases good from Firm A.? Since both firms produce a homogeneous good, each

consumer patronizes the firm with the lower full price, i.e., the sum of the transportation cost and

2This assumption is modified in Section 4.
3The value of ¢ (> 0) does not matter to the results obtained from our analysis.



the mill price.
For any a € [0,1] and b € [0,1], let  denote the location of the consumer who is indifferent

between buying from Firms A and B; thus we obtain the solution to the following equation:
Pa +t(z —a)® = Pg 4 t(xz — b)?,

where P; (i = A, B) is the price charged by Firm 4. Thus, when a # b, z is given by

x_a—i—b P4y — Pp (1)
2 2(a — b)t’

If Firm A is located to the left of the location of Firm B, i.e., a < b, the consumers who live on
the left side of  purchase from Firm A whereas those living on the right side of z purchase from

Firm B, and vice versa. Accordingly, Firm A faces the demand given by

T if a<b,

l1—z if a>b,

DaA(Pa, Pp,a,b) =< 0 if a=band Py > Pg,
% if a=0band P4 = Pp,
1 if a=0band P4 < Pp,

where in the case in which both firms locate at the same point, all the consumers purchase from
the firm with the lower price because the transportation cost is the same whether they purchase
from Firm A or Firm B. When both the firms set the same price, it is assumed that the total
demand is equally divided among the two firms.
The demand for Firm B is defined by the total demand minus the demand for Firm A, that is,
Dp=1-—D4yu.
Since there is no cost, the profit of each firm is given by
I, =PD; i=A,B. (2)
The social welfare W is defined by
— [y tla—z)%dz — le t(b—2)%dz if a<b,
W= (3)
— Jo t(b— 2)%dz — fml t(a — z)%dz otherwise.

Since individual demands are perfectly inelastic, positive prices (i.e., the prices above marginal

costs) do not create any distortions in the allocation of resources. Thus, the maximization of social



welfare is equivalent to the minimization of the transportation cost. The sum of the transportation

costs of all the consumers depends on the locations of the two firms, and so does social welfare.
Next, we consider the local welfare of Region 1. In contrast to social welfare, local welfare is

affected by the firm’s profit and the prices of the products, which are borne by the local residents.

Accordingly, the local welfare of Region 1 is given by
Wy =14 - T1 - (4,

where 77 and C; denote the total transportation cost and the total burden of the price, respectively,
which are borne by the residents of Region 1. Note that 114, 77, and Cy vary with the locations
of the two firms and the corresponding boundary x. These relations in the case of a # b are
summarized in Table 1. Let F; denote Wj in Case i (i = 1,2,3,4). On the other hand, when both

the firms locate at the same point (@ = b), the local welfare of Region 1 is given by

— [ t(a—2)2dz+ LPa it Pa < Pg,
Wy=4q — 01/2 t(a — 2)%dz if Py = Pg,

— 1/zt(a—z)gdzf%PB if Ps> Pg.

[ Insert Table 1 Here |

Since social welfare is the sum of the local welfare of the two regions, the local welfare of Region
2 is given by
Wy =W — W,. (4)

While Firm B maximizes its profit, IIz, Firm A, which is owned by the government of Region
1, aims at maximizing the local welfare of Region 1, Wj.

We consider the following standard two-stage game: In the first stage, each firm chooses its
location simultaneously, and in the second stage, the firms choose their prices simultaneously,
having observed their locations chosen at the first stage. We assume that each firm can locate
at any point in the interval [0, 1] without any restriction. Thus, we allow the local public firm to

locate outside its home region.



3 Results

We use a subgame perfect equilibrium as our solution concept. Thus, we first consider the subgame

after location choice, that is, the price-setting game. Then, we consider the location choice stage.

3.1 Price competition

Given the firms’ locations a, b chosen at the first stage, the two firms compete with respect to
price in the second stage of our two-stage game. Since the objectives of the two firms vary with
their locations, we should separate three cases to analyze the equilibrium: (I) @ > b, (I) b < a,
and (III) a = b.

We first consider case (III) because the equilibrium of the price-setting game in this case is easily
attained as compared to the other cases. Firm B, a profit-maximizing private firm, always prefers
to choose a price that is slightly lower than P4 whenever P4 is positive. Moreover, for any price
of Firm B that satisfies 0 < Pgp < Pj, there is another price Py such that Pg < Pj; < P4 holds.
Thus, given such a price Pg, Firm B has an incentive to change the price from Pg to Pj because
the profit of Firm B is better off by doing so. Thus, Firm B does not have an optimal action in
the price-setting game provided P4 > 0. Consequently, P4 = Pp = 0 is a unique equilibrium when
the two firms choose the same location. In fact, both the firms do not have incentives to change
the prices from this situation. In addition, Wy = T} since P4 = Pg = 0 in the equilibrium.

Next, we consider the other two cases. Let us denote the objectives of the two firms in (I) and
(II) by Uij(PA,PB), i=A,B, j=1,II. Then, the first order conditions for the maximizations

are as follows: ‘ ‘
U’ B ouj, B
OP4s = 0OPp

The reaction functions of Firms A and B, denoted by 77, (Pg) and 1% (Pa), respectively, satisfy

0.

U,
9P

U,
9P

(ry(Ps), Pp) = 0, (Pa, 7 (Pa)) = 0.

The equilibrium price of the second stage is defined by the fixed point of the composite function

of the two reaction functions. In other words, P} = ri‘(r% (P})) and P}, = T%(PZ) hold.

(I) a < b. This case corresponds to Cases 1 and 2 in Table 1. Since a < b, we obtain

(P4 — P + a)? (Pa — Py)?
Fy — Fy=— = — <0
tee 4(b — a)t 4b—a)t —




where F; is the local welfare of Region 1 in Case i, a := (b— a)(1 — a — b)t, and P4 := Pg — a.
Thus, F; < F5 holds unless P4 = ﬁA. In addition, it is easily verified that F; and F5 are the

concave functions in P4. Moreover,

PB—a ﬁA

poep, 2a—bt 20b—a)t

0F,
OP4

R
PA:f’A aPA

Thus, the signs of the slopes of F} and F5 at Py are changed according to the sign of Py. As a
result, we have the relationship of F; and F5, as depicted in Figure 1. The thin and thick curves

denote F} and F5, respectively.
(insert Figure 1 here)
Equation (1) implies
Py=(a—b)2z—1)t+ P+ (a—b)(1—a—b)t = (a—0b)(2zx — 1)t + Pa.
Thus, we have under a < b,

PA§]3A<:>IZ = Case 1 and W, = Fi,

Nl= N

PA>15A<:>96< — Case 2 and W = Fj,

and Py = JBA <= x = 1/2. This indicates that the curves with the shaded portion in Figure 1
represent the local welfare W7. Thus, the maximum of Wj is attained by the maximization of Fy
when ]3,4 < 0 and by the maximization of F} when ?A > 0. By the first order conditions for the

maximization of I and F5, we obtain

Pp—a if ﬁA > 0 (PB > Oé)7
rh(Pg) = 2 (5)
0 otherwise.

In contrast with Firm A, the objective of Firm B is UL = Iz = Pp(1 — ) irrespective of Case
1 or 2. Thus, we have, by the first order condition of maximizing U%,*

ré(PA):PA_(a_b;(Q_a_b)t. (©)

Equations (5) and (6) yield the following equilibrium prices:

(a — b)(a+ b)t

Pi(a,b) = ===, Phla,b) = _(a=hB-a-bt

3

4The second order condition is satisfied.



The superscript 1 indicates that the equilibrium holds for the range of Case 1 (z > 1/2).

(II) a > b. This corresponds to Cases 3 and 4 in Table 1. We obtain, by a > b,

_ 2
(Pa—Pp+a) _ 0.

F3— Fy=—
s Aa—bt

Thus, F3 < Fj holds except for the case that P4 = ﬁA. Further, both F3 and Fy are concave in

PA and
0F;
OP4

0Fy

_OFy __ Pg-p
0Py

Pa=Pa PA:ﬁAi 2(a—0b)t’

where §:= (a — b)(a + b)t > 0. We have the relationship of F3 and Fy, as illustrated in Figure 2.

In this figure, the thin and thick curves represent F3 and F}, respectively. Note that the signs of
the slopes of F3 and Fy at Py = ]SA vary according to the sign of Pg — (3. Therefore, we obtain

the two different graphs as depicted in Figure 2.
(insert Figure 2 here)
Equation (1) and Table 1 imply that under a > b,

PAZ]3A<:>IZ = Case 3 and W, = Fj,

N[= N[

PA<15A<:>96< — Case 4 and W = Fy,

and Py = ]5A <= 1z = 1/2. The curves with the shaded portion represent the local welfare 5.

Thus, we have, by the maximization of F3 and Fy,

Pg+(a—b)(2—a—b)t .
1! (Pp) = : P )
(a—b)t otherwise.

Finally, the objective of firm B is UL = IIg = Pgz. By the maximization of IIz,> we have

() — Pat (@ —2b)(a +b)t -

By Equations (7) and (8), we obtain the relationship of the two reaction curves when a > b, as
presented in Figure 3. Since the reaction curve of Firm A is kinked at Pg = 3, there are two possible
types of intersections. As is shown in Figure 3, when 8 > (a — b)t <= a+b > 1, the intersection

occurs in the area of P4 < § and Pg < 3. On the other hand, when § < (a — b)t <= a+b<1,

5The second order condition holds.



the intersection lies in the area of P4 > [ and Pg > 3. Thus, we obtain the equilibrium prices in

the second stage as follows:
P3(a,b) = &Uazht - ps (g p) = @Rl e 4 g,

Pi(a,b) = (a —b)t, Pi(a,b) = %;‘Hb)t otherwise.
The superscripts 3 and 4 indicate that the equilibria hold for the ranges of Case 3 (x > 1/2) and

Case 4 (x < 1/2), respectively.
(insert Figure 3 here)

These results are summarized in the following lemma.

Lemma 1. The relation between locations a,b and the equilibrium prices in the second stage is as

follows:
(I)a<b
—-b b)t —b)(3—a—-0b)t
Pj&(a,b):—(a )(a+ ) , Pé(a,b)z—(a )(3 a ) .
3 3
(II) a > b
Pj(a,b)iw, Pg(a,b)zw if a+b>1,
Pi(a,b) = (a — b)t, Pi(a,b) = %;‘”b)t otherwise.
(1) a = b.

PA(a,b):O, PB(a,b):().
The superscript j of the equilibrium price Pij (a,b) corresponds to Case j in Table 1.

Lemma 1 shows that the equilibrium prices are increasing functions of the distance between
the two firms if a # b. Thus, for example, P}(a,b) is a decreasing function of a, whereas P}(a,b)
is an increasing function of b.

Let P (a,b) = (P4(a,b), P}(a,b)) denote the pair of equilibrium prices for Case j (j = 1,3,4).
Based on Lemma 1, we present Figure 4 that shows the range in which P7(a, b) holds. The bound-
ary, in which the consumer is indifferent to either of the two firms from which he/she purchases
the good, in each case, is obtained as follows:

z'(a,b) = 3+ if P =Pl(a,b),
23(a,b) = 2x&bif P =P3(a,b), (9)
zt(a,b) = 4L if P = P%(a,b).

In the next subsection, we consider the location problem in the first stage.

10



(insert Figure 4 here)

3.2 Location choice

We now consider the location choices of the two firms in the first stage. We observe from Figure 4
that if Firm B is located in [0, 1/2), as Firm A moves to right (that is, a increases), the equilibrium
price of Firm A changes from P}(a,b) to Pj(a,b) at a = b and from P%(a,b) to P3(a,b) at
a =1—b. Similarly, if Firm B is located in [1/2, 1], it changes from P}(a,b) to P3(a,b) at a =b
as a increases. Accordingly, in order to obtain the reaction function of Firm A in the first stage,
we need to distinguish between the two cases.

When b € [0,1/2), the objective of Firm A is given by

Fy =Pzt — 1) - fol/z t(a — 2)%dz if a<b,

Wi(a,b) =q F, = %‘4‘ — Piaot — f0w4 t(b—2)%dz — f:f tla—2)%dz if b<a<1-b, (10)
F3=P3(1—2%) — PTE* — 01/2 t(b— 2)%dz otherwise,

and when b € [1/2,1], it is given by

Py =Pi(z' - 1) - f01/2 t(a — z)%dz if a<b,
Wl(a,b) = 5 (11)
F3=P3(1—2%) — % — 01/2 t(b— 2)%dz otherwise.

Thus, we can obtain the reaction function of Firm A as follows:

—bh— — 2 . T
10—b \/73 20b+4b if b<b,

Ra(b) = ; (12)
—18—2b+\/3g8+72b+16b otherwise,

where b ~ 0.3656. See the appendix for the derivation of Equation (12).

If Firm A is located in [0,1/2), the equilibrium price of Firm B changes from P(a,b) to
Ph(a,b) at b = a as b increases. Similarly, if Firm A is located in [1/2,1], it changes from P4 (a,b)
to P3(a,b) at b=1—a and from P3(a,b) to P}(a,b) at b = a as b increases. Thus, we need to

classify the objective of Firm B into two cases. When a € [0,1/2), the objective is given by

Gy = Phat if b<a,
g (a,b) = (13)
Gy =PL(1 —=x') otherwise,

11



and when a € [1/2,1],

G4:P§l‘4 1f bgl_a7
Mp(a,b) = G3=Pia® if 1—a<b<a, (14)

Gy = P5(1 — ') otherwise,

where G; (i = 1,3,4) is the profit of Firm B corresponding to each equilibrium price. We can

derive the reaction function of Firm B as follows:

1 if a<a,
Rp(a) = (15)
0 otherwise,

where @ = 0.3799. See the appendix for the derivation of Equation (15).

Figure 5 describes the reaction functions R4(b) and Rp(a). Ra(b) is jumped at b = b and
Rp(a) is jumped at a = a. As is shown in Figure 5, this model has two subgame perfect equilibria,
E; and Es. Let (af,bf) denote the pair of equilibrium location points in E; (i = 1,2). Thus, we

have the following proposition.
(insert Figure 5 here)

Proposition 1. In the first stage, there are two equilibria, E1 and Es. FEach location point is as

follows:
aj = =206 ~ (.2645 aj = 10=¥T3 ~ 0.4853
E . .
1- 2 !
br=1 b5 =0

Proposition 1 shows that our two-stage game has two types of equilibria. Each firm is located
in its home district in equilibrium F;, whereas both the firms are located in Region 1 whose
government owns Firm A in equilibrium FEs. Figure 6 describes the locations of the two firms in
the interval [0,1] at the two equilibria. Here, the boundary x in equilibrium Ej is denoted by
g (k=1,2).

(insert Figure 6 here)

As is shown by d’Aspremont et al. (1979), if both the firms are private, they locate at both
the edges of the linear city. However, Proposition 1 shows that this is not the case when one of

the firms is owned by a local government. Our local public firm, Firm A, has W as its objective

12



function. Let II;; (: = A, B, j = 1,2) denote a profit of Firm 4 obtained from the residents in

Region j. Then, this objective function can clearly be rewritten as
Wi =1las —Up1 =Ty = Pa-2a2 — Pp-xp1 — 11,

where x 49 and zp; represent Firm A’s supply to the residents in Region 2 (or Firm A’s market
share in Region 2) and that of Firm B to the residents in Region 1. Totally differentiating this
function, we obtain

dW1:IAQdPA#*PAd:ZJAQ*d(PB'LL’Bl)7dT1. (16)

This equation states that local welfare in Region 1 improves if the price P4 and market share
T 42 increase or if the transportation cost 77 or the payment to Firm B by residents in Region 1,
Pg - xp1, decreases. In particular, the price P4 increases when Firm A departs from the rival firm,
because this makes the demand inelastic. Henceforth, we refer to the terms x g4odPa, Padx 42, and
dTh as the price-raising effect, market share effect, and transportation cost effect, respectively. We
also term d(Pp - xp1) as the payment effect.

We now explain why the locations in Proposition 1 can be equilibria. First, we consider equi-
librium FE;. To examine this equilibrium, we analyze what happens if Firms A and B locate at
points 0 and 1, respectively. In this case, by Lemma 1 and Equation (9), the demand that Firm
A faces, x, is 2/3. Hence, the residents in Region 1 purchase the goods from only Firm A, and we

can reduce Equation (16) as follows:
dWl = LEAQdPA + PAdlL’AQ — dT1

First, the transportation cost effect gives Firm A an incentive to move to point 1/4 where the
transportation costs in Region 1 is minimized. Further, at point 1/4, Firm A moves its location
to the right because this move leads to an expansion of its market share in Region 2 (through
the market share effect). It is certain that Firm A has an incentive to move left for fear that
competition between firms are tough (through the price-raising effect). However, this price-raising
effect is small since the local welfare W7 does not include Firm A’s profits from Region 1, which
weakens the positive aspect of the price-raising effect. In fact, when evaluated at a = 1/4 and

b =1 (the transportation cost effect vanishes), from Lemma 1 and (9),

oWy . OP4 0% 42 0T} . t B 5t
Oa a2 da +Pa Oa —E——E(a—i—b)(i’)a—b)— 288 -

0.

13



Next, we explain equilibrium FE5. Let us start with the case where the transportation cost T
is minimized, i.e., dT3 = 0 when b = 0. This is achieved when a = 1/3 as easily seen by Lemma
1 and (9). Then, the marginal consumer z is also 1/3, and thus, all the residents in Region 2
purchase goods from Firm A. This means that the market share effect evaporates. Based on this
fact, we can rewrite (16) as

dW1 = xa2dPa — d(Pp - ©p1),

at @ = 1/3 and b = 0. As shown in d’Aspremont et al. (1979), the firms’ profits become higher
as the firms depart from each other; in other words, a increases. Hence, the payment effect is
negative while the price-raising effect is positive. To analyze the relative strength of these two

partially offsetting effects, we evaluate, at a = 1/3 and b =0,

oW, oPy 0 ot tot
aa ,’L‘AQW—%(PBl‘Bl)—2—(1+a+b)(1+3a—b)8—3>0

This equation means that the local welfare gain from an increase in profits from the residents
in Region 2 is larger than the loss from an increase in the payment to Firm B. This results in
the increase in a. Note that although Firm A moves its location a from 1/3 to the right, a is

nevertheless in Region 1.

3.3 Equilibrium comparison

In this subsection, we compare two equilibria, F, and Es. The equilibrium payoffs are as follows:

Firm A: Wi(a},b}) = (E0988HI6VACOE (. 0548t,

E 1944

1 -
Firm B : Ilp(af,bf) = VA VIOT 12314,
Firm A: W) (a3,b3) = SOUETVI 0913t

EQ :

Firm B : (a3, bs) = UOYTBIUS—VIST o 1338,

The above equations show that equilibrium FE5 is preferable for the two firms to the equilibrium
E4 in terms of their payoffs since Wy (ad, b3) > Wi (af,b7) and IIg(a3,b3) > Hp(af, b7) hold.

The reason for this is as follows. In equilibrium FEs, both the firms obtain the benefits at
the sacrifice of the consumer surplus of Region 2. We explain this using the each firm’s price in

equilibrium Fs:

(Pa(a3,b3), Pp(as, b3)) = <(10 _3\/@75’ (13 - \/ﬁ)l(slo - \/ﬁ)t> ~ (0.4853¢,0.3604t).
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On the one hand, Firm A receives the benefit from Region 2 by selling the products at a relatively
high price. On the other hand, Firm B receives the benefit because it can sell a considerable
amount to consumers in Region 1 due to the high price that Firm A sets. Consequently, the
residents in Region 2 face dual hardships. One is that they face the high price set by Firm A and
the other is that the transportation costs they incur are very high since both the firms are located
in Region 1 as pointed out in the previous subsection. Thus, the local welfare of Region 2 in Ej is
lower than in E;. In fact, these hardships for Region 2 are so serious that in equilibrium F5, not

only the local welfare of Region 2 but also social welfare decreases as compared to equilibrium FEj,

as follows:
Wi(ag, bf) = —(F200EIVIDE o _0,09871,
Ey: W(at,b7) = _(740262;55188;3\/@% ~ —0.0439¢,
Wa(as,by) = —TE38THOVTI o 1543¢,
" W (a3, by) = —CL5EBVIE . _0,0630t.

Thus, we obtain the following proposition.

Proposition 2. FEquilibrium Es are preferable for the two firms to equilibrium E7 in terms of their
payoffs. However, social welfare in FEs is lower than that in E1 because the efficiency of Es is at

the expense of Region 2.

We include some remarks on social welfare and the firms’ locations in a market as a whole.
Cremer et al. (1991), which analyze the mixed duopoly with a state-owned firm and a private firm,
show that in equilibrium, the state-owned firm is located at point 1/4 that minimizes the total
transportation cost in the market when the private firm is at point 3/4, which maximizes social
welfare in the entire market. d’Aspremont et al. (1979), which examine the private duopoly, show
that the two firms are located at points 0 and 1, respectively, where social welfare is low. In our
equilibria Fy and Ey, Firm A does not set a to points 0, 1, 1/4, and 3/4, and thus, social welfare in

our equilibria is intermediate between those in Cremer et al. (1991) and d’Aspremont et al. (1979).

4 Extensions

In the preceding sections, we discussed a simultaneous-move interregional mixed duopoly between

a local pubic firm and a private firm owned by the residents of Region 2. In this section, we briefly
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discuss some related topics: leadership of the local public firm and ownership of the two firms.

4.1 Leadership by the local public firm

We investigate whether the timing of entry into the market matters. An importance of the timing
problem arises from an interpretation of our model in terms of international trade or foreign direct
investment because in such situations, a domestic public firm has an advantage in entering the
domestic market to foreign firms. We consider the timing as follows. First, the local public firm
chooses its location. Second, having observed the location of the local public firm, the private firm
chooses its location. After the sequential location choice, the two firms simultaneously choose their
prices. As the following proposition will show, we find that the timing consideration of our model
fortunately serves as a criterion for selection from two equilibria.

In the sequential location choice game mentioned above, the public firm chooses its location in
considering the best response behavior of the private firm against its location. As Figure 5 shows,
the best response location curve of the private firm consists of two horizontal lines. Thus, if the
local public firm chooses location a < a in the first stage, the private firm is located at b = 1 in
the next stage. On the other hand, the private firm chooses location b = 0 when the local public
firm chooses a > a.

The fact that a pair of locations [(a}, b}) = (af, 1)] is the equilibrium point of the simultaneous

location choice game implies that
Wi(aj, 1) > Wi(a,1) for any a € [0,1], a # aj. (17)
Applying the similar reasoning to [(a3, b3) = (a3, 0)], we obtain
Wi(a3,0) > Wi(a,0) for any a € [0,1], a # a3. (18)
Since Wi (a3,0) > Wi(af,1) by Proposition 2, with Equation (17) we obtain
Wi(a3,0) > Wi(a,1) for any a € [0,1]. (19)

By Equations (18) and (19), in the equilibrium of the sequential-move game, the local public firm

chooses location a = a3 in the first stage and then the private firm locates at b = 0.

Proposition 3. In the equilibrium of the sequential-move game, first the local public firm locates

at a = a3 and then the private firm locates at b = b5 = 0.

Thus, the location points of Fs are realized through the sequential-move game.
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4.2 Qwnership of the firms

In this subsection, we provide an inclusive discussion about the ownership of firms in a linear city
model. As mentioned, our model considered in previous sections (henceforth, called a basic model)
is different from those of the other existing studies on the ownership of firms: given an opponent
(Firm B) as private firm, Firm A is a state-owned firm in Cremer et al. (1991); a local public firm
in the basic model; and a private firm in d’Aspremont et al. (1979). Because an opponent is fixed
to a private firm, these studies do not consider competition among public firms. Thus, we treat
such situations in this subsection. In addition, who owns the private firm or where the private
shareholders live also matters because local and social welfare include the profits of private firms,
which are owned by the residents of its own region, but not those of private firms, which are owned
by the residents of other regions. This motivates us to study the case where a public firm competes
against a foreign private firm.

Table 2 compare the existing studies with our basic model in terms of categorizing each case
according to the ownership of the two firms. (i), (ii), and (iii) denote competition among public
firms: they represent state-owned vs. state-owned, local public vs. state-owned, and local public
vs. local public competition, respectively. (iv) is the case where a local public firm in Region 1
competes against a local private firm of the region; that is, the shareholders of the private firm are
residents in Region 1. Thus, the local public firm should take into account the profit of the private
firm in this case, in contrast to the basic model (see the definition of the local welfare of Region 1).
This is also viewed as a special model of competition among a state-owned firm and a domestic
private firm in a global market including a domestic market. Competition between a state-owned
firm and a foreign private firm is denoted by (v).

In the following, we discuss the equilibrium location pattern from (i) to (v).

[ Insert Table 2 Here]

(i), (ii), and (iii): competition among public firms. In the case of (i), namely, competition
between two state-owned firms, the two firms have the same objective function, that is, the social
welfare of the entire city. Thus, there is no strategic confrontation among them. They easily reach
a unique Pareto-optimal outcome. Therefore, in the equilibrium of our two-stage game, the two

firms locate at points 1/4 and 3/4, respectively, and the marginal consumer is at 1/2.
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A rather strong result is obtained in the case of (ii) and (iii). In these cases, the Pareto-optimal
outcome of the entire city is attained as an equilibrium of our two-stage game, despite the different
objective functions of the two firms (for a detailed discussion, see Inoue et al., 2007). However,
this result in (ii) and (iii) strongly depends on the symmetric division of the city. When there is

size-asymmetry in the two regions, the efficiency result in (ii) and (iii) is no longer assured.

(iv): local public firm vs. local private firm. We consider the model where not only the
local public firm but also the private firm belong to Region 1. In other words, the private firms are
owned by the residents in Region 1. Here, the local welfare of Region 1 is the sum of the consumer

surplus of the region and the profits of both the firms. Thus, Wj in this model is written as
Wi =Ua+1p —T) — Cy =az + lpy - T1.

Thus, the local public firm in this case does not compete against the private firm so severely
as in the basic model (note that in the basic model, the objective of the local public firm is

Myo —p; — T1). We thus obtain the following proposition.

Proposition 4. In the two-stage game of location choice and price competition between a local

public firm and a private firm owned by the residents in Region 1, there are two equilibria.

1. In one equilibrium, the relevant equilibrium variables are

a:()vb:77 PA:*7 PB:* Tr = —.

2. In the other equilibrium, the relevant equilibrium variables are

3t 3
a=1, b=0, Py =2t, PB:?’ ;E:Z.
Proof. See the appendix.

Thus, as the above proposition shows, in the equilibrium with a < b, the local public firm does
not move right to capture the demand from Region 2 because this depletes the profit of Firm B,
which is obtained from Region 2. In fact, Firm A locates at the left edge of the linear city even
though moving right would reduce the transportation cost of the residents of Region 1. On the

other hand, in the equilibrium with a > b, the public firm does not move left so as to protect the

residents in Region 1 against exploitation by Firm Bj; this is because it does not see the profit of
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Firm B from Region 1 as a negative factor in its payoff, in contrast with the basic model. Rather,
in this equilibrium, the local public firm is mainly concerned with the large profit obtained from

Region 2.

(v): state-owned firm vs. foreign private firm. We consider the model in which a state-
owned firm (Firm A), which is owned by the central government of the city as a whole, competes
against a foreign private firm (Firm B). The aim of the state-owned firm is to maximize the social
welfare of the entire city. That is, it takes into account the burden of the residents in both the
regions. In this model, the two firms have no relation with Regions 1 and 2. Thus, without loss of
generality, we assume that Firm A locates left to the location of Firm B, that is, a < b.

We obtain the following proposition.

Proposition 5. In the two-stage game of location choice and price competition between a state-

owned firm and a foreign private firm, the equilibrium locations are

a_3\ﬁ—7 VT-1
B 2 2

~ (0.4686, b= ~ 0.8229.

The equilibrium prices are
Py=0, Pp=(3—-V7)=0.1255.
Besides, the location of the marginal consumer is x = (\/T—1)/2 =b.

Proof. See the appendix.

The difference from Cremer et al. (1991) is an ownership of the private firm. In their paper,
the private firm is a domestic one, and thus, the state-owned firm takes the profit of the private
into consideration. In contrast, in this model, the state-owned firm does not consider the profit
of the private firm because the private firm is a foreign one. Thus, in this model, the state-owned
firm engages in severe competition against the private firm as compared to Cremer et al. (1991),
resulting in the aggressive location choice of the state-owned firm. That is, the location of the
state-owned firm in this model, a = 0.4686, is closer to the center than in Cremer et al. (1991),
a = 0.25.

In comparison with the basic model, the difference is the range of residents that the public firm

considers. Thus, while the public firm in these two models are identical in not considering the
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profit of private firms, the public firm in the basic model only considers the residents in Region 1.

In other words, while the objective of the public firm in this model is
W =-T—1Ig,

where T is the total transportation cost of the entire city, the local public firm in the basic model
considers the transportation cost of only Region 1. Thus, the public firm in the basic model does
not want to locate near the center of the linear city because as it goes away from the center of
Region 1, the negative effect of the transportation cost tends to dominate the other positive effects
including the market share effect and the price-raising effect. This is the reason why the location
of the local public firm in equilibrium FE; is quite left to the location of the public firm in the model
here.

Finally, Table 3 shows the equilibrium location point in every case classified by the ownership

of the firms.

[ Insert Table 3 Here]

5 Conclusion

In this paper, we investigate a mixed duopoly involving a private firm and a local public firm,
which is owned by a local government. We construct a two-stage game and show that the game
has two subgame perfect equilibria (Fy and Es). One of them (E4) is that each firm is located in
its home district, and the other (E») is that both the firms are located in the same region, Region
1.

We introduce a local public firm that supplies to other regions, whereas most of the literature
on mixed oligopoly treat public firms, that supply only to their own regions. In addition to this,
we analyze the strategic decisions of each government by considering multiple regions as done
in Bércena-Ruiz and Garzén (2005). Our setting can be applied in the context of international
relationships such as the location choice of multinational enterprises. In this context, equilibrium
E5 indicates a foreign firm’s direct investment. As pointed out by Béarcena-Ruiz and Garzon
(2005), particularly in the EU, although the Single Market was introduced, the decision of whether
or not to privatize firms is a national issue. Thus, there are strategic interactions among member

countries in the market.
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This model is restrictive since we employ a simple duopoly model. However, this paper has a
significant impact on the argument of mixed oligopoly due to the above reason. Moreover, this
research could be extended the cases of asymmetric regions and quantity-setting oligopoly, so as
to consider a variety of conditions. It is necessary to analyze the mixed oligopoly involving local

public firms in order to clarify the desirable ownership patterns of firms.

Appendix

Derivation of Equation (12). In Figure 7, we present the local welfare of Region A as described
in Equations (10) and (11). If b < 1/2 (left figure), Wy is maximized when a € [0,b] (W7 = Fy)
orac€ (b,1—0b] (W, =Fy). If b>1/2 (right figure), W; is maximized when a € [0,b] (W1 = F}).
In b < 1/2, whether the maximum value of W exists in a € [0,b] or a € (b,1 — b] depends on the

value of b. To derive this condition, we calculate the following equation:

Wi(R4(b),b) — Wi(R(b),b)

[9(215 + 73y — 425) + 18b(213 — 107y — 46) + 4b%(27 — 34b + 9y — 49)]t
1944 ’

v=\/T3—4b(5—1b), &= /378 +8b(9+ 20b),

where Ri\(b) = argmax, F; (j =1,4). This equation is a monotonically increasing function of b.
In addition, when b = b ~ 0.3656, the equation equals to zero. Thus, when b < b, R (b) maximizes
W1, otherwise RY(b) maximizes W;. Hence, in the first stage, the reaction function of Firm A is

expressed by

10—b—+/73—20b14b7 . 7
Ra(h) = 3 if b<b,
—18—2b++/378 172011652

6

otherwise.

(insert Figure 7 here)

Derivation of Equation (15). In Figure 8, we show the profit of Firm B described in Equations
(13) and (14). If a < 1/2 (left figure), IIp is maximized when b = 0 (IIp = G4) or b = 1
(Il = G1). If a > 1/2 (right figure), IIp is maximized when b = 0 (Il = G4). In a < 1/2,
whether the maximum value of IIg exists at b = 0 or b = 1 depends on the value of a. To derive

this condition, we calculate following equation:

(16 — 4la + 2a® — 13a3)t

I5(a, Ri(a)) — p(a, Rp(a)) = - :
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where ng (b) := argmax, G; (j =1,4). This equation is a monotonically decreasing function of a.
In addition, when a = a =~ 0.3799, the equation equals zero. Thus, when a < a, R}g(a) maximizes
I, otherwise R (a) maximizes II5. Hence, in the first stage, the reaction function of Firm B is

expressed by

1 if a<a,
Rp(a) =
0 otherwise.

(insert Figure 8 here)

Proof of Proposition 4. The market is divided into two regions, and thus, the objective functions

of both the local public firm (Firm A) and the private firm (Firm B) are different between a < b

and a > b. In the case of a < b, the objective functions of both the firms are expressed by
HA+HBff01/2t(afz)2dsz7A if >1,

Wy =
HA+HB—f(')rt(a—Z)de—fl/Qt(b—z)de—PAx—PB (3-—z) if z<3

x

HB = PB(]. — ZC),

where 114 = P4x. The reaction functions in the second stage are given by

2P, a—b)(1—a—>b .
B +( 2)(1 i a4 b > 1,
’I"A(PB) =
Pp otherwise,
Py—(a—b)(2—a—-0b)t
ra(py) = ATl Za 2D

and the pair of equilibrium prices in the second stage is as follows:

Py=—(a—-0b), Pp = —{2=b)G-a-b)t if a+b>1,
Py=—(a—0b)(2—-a—-b)t, Pg=—(a—0b)(2—a—"0b)t otherwise.

Next, in the case of a > b, the objective functions of both firms are expressed by

Mo+ T — [}/ t(b— 2)2dz — L2 it x> 1
Wy =

HA—|—HB—fowt(b—z)zdz—f;/Qt(a—z)zdz—PBm—PA (3-2z) if z<i,
HB:PBLE.

where IT4 = P4(1 — x). The reaction functions in the second stage are given by

2Pg + (a — b)(2 — a — b)t

TA(PB) = B
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_ P4+ (a—Db)(a+d)t

TB<PA) 2 )

and the pair of the equilibrium prices in the second stage is as follows:

(a—b)(2+a+b)t

PA:2(a—b)t, PB: 9

Using the above results, the reaction functions in the first stage are given by

0 if b>b 5
Ru(b) = where b= 0.5306,
1 otherwise
He if a<a
Rp(a) = 1 if a5 <a<as where a; ~ 0.1506, as ~ 0.3364.
0 otherwise

Therefore, the equilibrium variables are

a:O7 b:%7 PA_%a PB:%> .’II:%,
a=1, b=0, Py=2t, Pg=3, z=32

O
Proof of Proposition 5. The state-owned firm (Firm A) is the only domestic firm. Thus, the

social welfare of the entire city is as follows:

T 1
W:f/ t(a—z)Zdzf/ t(b—2)* —p,
0 T

where a < b. Since the state-owned firm is the social welfare maximizer, its reaction function in
the second stage is expressed by

’I’A(PB) =0.

The firm chooses P4 = 0 regardless of the foreign firm’s price. On the other hand, since the private
firm, whether domestic or foreign, maximizes its own profit, the reaction function of the foreign
private firm (Firm B) is given by Equation (6). Therefore, the pair of equilibrium prices in the
second stage is as follows:

(a=b)2—-a—-b)t

Py=0, Pp= .

Next, the reaction functions of both the firms in the first stage are as follows:

—12 — b+ 2+/45 + 6b + b2 2+a
= 3 5 RB(a): .

R4(b) 3
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Accordingly, the equilibrium locations are

L 3VT=T V7 -1

2 2

and the location of the marginal consumer is z = (v/7 — 1)/2 = b. O
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Tables and Figures

Table 1: The classification of four cases (a # b)

location | boundary || W; 114 T Cy
Case 1 e>1/2 || B S ta - 2)2d2 P2
a<b Pz “tla — 2)%dz
Case 2 x<1/2 B 4 o 12 ‘ Psz + Pp(1/2 — z)
+ [, tb— 2)*dz
Case 3 z>1/2 || F; f01/2 t(b — 2)%dz Py /2
a>b Pyl -2z fwt(b—z)zdz
Case 4 z<1/2 || Fy Al =) | Jo e _ Ppz + Pa(1/2 — )
+ [, tla — 2)*dz
Table 2: Classification of ownership
Firm B
center local private
(Region 2) domestic foreign
Region 1 ‘ Region 2
center (i) — Cremer et al. (1991) (v)
) local B ) model in previous sections
Firm A . (i) (iii) (iv) .
(Region 1) (basic model)
private — d’Aspremont et al. (1979)
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Table 3: Equilibrium location pairs (a, )

Firm B
center local private
(Region 2) domestic foreign
Region 1 ‘ Region 2
center (1,3)~ — (3,3) (0.47,0.82)*
local
Firm A (Region 1) (1,3 (1,3 (0,2), (1,0) (0.26,1), (0.49,0)
private — — (0,1)*

* (b,a) is also a pair of equilibrium locations.

Wi
Py
Pg >3
Wi W (Case 4) ,  (Case3)
x<1/2 L e > 12
|
|
Fy l
|
F3
|
| |
| : | /F
~| : PA I'I ~| 3 PA
Py rif T4 Py

Figure 2: The local welfare of Region 1 in (IT) a > b
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Pa B ri(Pa) Py

Pj(a,b)

P(a,b)

(a—b)(2—a—b)t

(a—b)(2—a—b)t 3

O(afb)(aer)t P (a,b) Pg 0
2

Figure 3: The reaction curves in price competition (in (IT) a > b)

b a=b
1 ___________
[
[
Pl(a,b
(a,b) : wi b1
[
ol R { P3(a,b)
: |
: I
P*(a,b) |
: |
0 :
. X

Figure 4: The ranges of equilibrium prices
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Figure 5: The reaction curves in location choice

aj x] by b3 5 a3
I . T . I I . I| 1
0 3 1 0 3 1
“—TRegion 1 /\Reglon 2 “~TRegion 1 /\Reglon 2

Figure 6: The locations of firms in two types of equilibria

b < 1/2: (10) b>1/2: (11)

W,
1 I |

Figure 7: Derivation of Equation (12)
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a<1/2: (13) a>1/2: (14)

|
|
|
|
|
|
|
|
a

Rh(=1) Rh(=0) 1

Figure 8: Derivation of Equation (15)
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