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Abstract

The main purpose is to prove the supermodularity (convexity) property of a cooperative game arising
from an economical situation. The underlying oligopoly situation is based on a linear inverse demand
function as well as linear cost functions for the participating firms. The characteristic function of the
so-called oligopoly game is determined by maximizing, for any cartel of firms, the net profit function
over the feasible production levels of the firms in the cartel, taking into account their individual capac-
ities of production and production technologies. The (rather effective) proof of the supermodularity of
the characteristic function of the oligopoly game relies on the use of maximizers for the relevant max-
imization problems. A similar proof technique will be reviewed for a related cooperative oligopoly
game arising from a slightly modified oligopoly situation where the production technology of the car-
tel is determined by the most efficient member firm.
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1 INTRODUCTION

Supermodularity is a relatively new concept in oligopoly theory that has been introduced in the economic
literature at the beginning of the nineties of the last centuryMilgrom & Robertsin (199Q 1991,
whereas in cooperative game theory the concept of supermodularity found much earlier attention by sci-
entist through the work b$hapley(1971) andMaschler et al(1972. In the context of cooperative game
theory the term “convex” is used to indicate that the real-valued set-function defined on the power set is
supermodular. While in noncooperative game theory a game is called supermodular if the set of feasible
joint strategies is a sublattice and the payoff function of each player is supermodular and has increasing
differences$. In noncooperative game theory a characterization of equilibrium points in non-zero-sum
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In the sequel we follow the usual convention to speak in the context of noncooperative game theory from a supermodular
game and in the context of cooperative game theory from a convex game. A discussion why it is justified to use the notion of
convexity in the context of cooperative games can be fourdriessen(1988 p. 114).
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supermodular games was given Tgpkis (1979, whereVives (1990 has worked out general properties

of supermodular game¥/ives presented conditions for equilibrium points to increase with respect to ex-
ogenous parameter by relying on a lattice-theoretical fixpoint theorem dia@gki (1955 and on results

of Topkis (1978 1979. Using lattice-theoretical methods in noncooperative game theory where the pay-
off functions are supermodular exploit certain order and monotonicity regularities that allow for instance
the ranking of equilibrium points. The set of maximizers (equilibrium points) of a supermodular function
(supermodular game) is a nonempty complete sublattice, and therefore a greatest and a least maximizer
(equilibrium point) exist under some regular conditions. Moreover, supermodularity is preserved under
the maximization operation (cTopkis (1978 1979 1999).

In economic models very often the situation arises that the marginal payoff of a particular action of
an agent is increasing in another action or activities, that means that the actions exhibit strategic com-
plementarities, a notion that is related to increasing differences. According to the equivalence between
supermodularity and increasing differences that arise under certain conditions supermodular games pro-
vide the appropriate framework to study strategic complementarities. Typical examples with strategic
complementarities in oligopoly theory are price competition in markets with a homogeneous good and
quantity competition in markets with complementary gdodsconomic models pointing out the prop-
erty of monotonic comparative statics by relying on complementarities and supermodular functions have
been studied first biilgrom & Roberts(1990 andBagwell & Ramey(1994) without noticing sufficient
conditions for complementarities (Cfopkis (1995 p.370-371)). A general model of the firm that gives
sufficient conditions for complementarities to hold and that reflects monotonicity in the optimal decision
as parameters vary was formulatedTmpkis (1995. Moreover, it was shown what specific models of the
firm satisfy these conditions.

In cooperative game theory with transferable utility the convexity property expresses that the incentives
of a particular coalition for joining another coalition increases as the coalition size expands, or equivalently,
that the marginal contribution of an arbitrary player increases as the coalition size grows, that means that
the real-valued set-function has increasing differences. This can be interpreted as saying that such games
also exhibit a kind of complementarity among the players. Similar to supermodular normal form games
convex games possess many nice regular properties. Especially, the core is always n&@replgy
(1971), and largeSharkey(1982); a fortiori Moulin (1990 has shown that it is even totally large. It
coincides with the bargaining set for the grand coalifibaschler et al(1972 and it is the unique stable
setShapley(1971). The kernel belongs to the core and consists of a single point, and it coincides with the
nucleolusMaschler et al(1972. Furthermore, the Shapley value is the center of gravity of the extreme
points of the core and all marginal worth vectors are the extreme points of th&hapey(1971). For
convex games we can as well establish monotone comparative statics results by treating the real-valued
set-function or the player set as parameters. For instance, the concept of population monotonic allocation
scheme (PMAS) requires that the payoff for each player being member of an arbitrary coalition increases
as the coalition becomes larg&prumont(1990 has shown that a sufficient condition for the existence of
a PMAS is the convexity property and that in the case that convexity holds the extended marginal worth
vectors yield a PMAS, and the extended Shapley value is a PMAS, too.

Although the lattice approach in connection with supermodularity is a widely accepted method by
economists to analyze the underlying strategic conflictin an economic situation by studying the associated
normal form game, the convexity approach hasn’t found so much attention in economics to scrutinize sit-
uations where agents have strong incentives to operate together instead of operating independently. In the
literature of cooperative game theory many examples of economic situations have been presented where

2To get an overview to what extent supermodularity have found its way into oligopoly theowvesg1999.
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the corresponding cooperative TU-game is convex, and agents have strong incentives for mutual cooper-
ation. The first convexity results related to a cooperative pollution game have been repo8kdpbgy

& Shubik (1969. Champsau(1975 showed that the cooperative game deduced from an economy with
one private and one public good is convex. Closely related to the game model of the type presented
by Champsauare the activity optimization games with complementarity studiedidpkis (1987). Activ-

ity optimization games with complementarity are games where each coalition maximizes a common return
function over the level of private activities of its members and over the levels of public activities that are
available to any coalition. Every game in the class is convex as has been shdepkiy(1987. Granot

& Hojati (1990 provided sufficient conditions for convexity in cooperative games on cost allocation in
communication networks. More recent convexity results have been derivBdelign et al.(2002 for
different definitions of the real-valued set functions to investigate coalition stability and free riding in a
game of pollution control. A first convexity result derived from an example of industrial organization was
presented b¥Panzar & Willig(1977). The corresponding cooperative cost game of a natural monopoly that
produces several goods that are consumed by many consumers was shown to be convex if the cost function
exhibits cost complementarity or that each pair of distinct consumers consume different positive amounts
and the cost function exhibits weak cost complementarity. Although, the classical Cournot situation is an
example in oligopoly theory (industrial organization) where firms can be better off through cooperation
than by acting alone, a convexity result for such games was given foremost recedthad(1999. He
established a necessary and sufficient condition for convexity of oligopoly market games with transferable
technologiesNorde et al(2002 proved that linear oligopoly games without transferable technologies are

in general convex. Whil®riessen & Meinhard{2005 gave for the most general case sufficient condi-
tions for convexity to hold for oligopoly games without transferable technologies. Moreover, according
to the fact that oligopoly TU-games may fail to be convex the authors have also investigated a relaxation
of the convexity property called average-convekiby providing sufficient conditions. For the class of
common pool games with identical cost functions sufficient conditions of convexity are giviernidssen

& Meinhardt(2001) andMeinhardt(199%, 199%, 2002. This class of games is a subclass of oligopoly
games as have been showrDinessen & Meinhard(2001) andMeinhardt(2002.

The main purpose of this paper is to highlight an uniform approach to establish a new proof of the
convexity property for cooperative linear oligopoly games with a homogenous good similar to the already
existing proof of the convexity property for the so-called common pool gamePBfielssen & Meinhardt
(2001). We outline that our uniform approach to prove the convexity property for classes of cooperative
oligopoly games arises from maximization problems. Of course, the maximizers of any maximization
problem are not necessarily unique, but nevertheless we can derive some monotonicity properties for the
sum of maximizers and prices. These monotonicity property induces for linear oligopoly without trans-
ferable technologies supermodularity on the corresponding payoff functions similar to non-cooperative
oligopoly games which arise from linear Cournot models. The essential part of the forthcoming proof
technique is based on thmterchangeabilityof both playersi andj concerning the convexity condition.

That is, this convexity condition (in terms of marginal contributions of two players in the TU game) does
not change whenever playerand; are replaced by each other. One appealing consequence of this new
proof technique is that we are able to generalize the convexity result first giv&hdxy(1999 for the

class of cooperative oligopoly with transferable technologies.

The remainder of the paper is organized as followssdntion 2we introduce the notation and the
definitions of a linear oligopoly situation without transferable technologies to establish the convexity con-

3The notion of average-convexity was introduced in the literatur8fmyimont(1990. Properties of this class of games have
been worked out imflarra & Usategu{1993.
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dition for its corresponding cooperative oligopoly game. Fbketion 3provides more general sufficient
conditions to derive convexity compared to the sufficient conditions obtaingtiédy(1999 in the case of
linear cooperative oligopoly games with transferable technologies. The paper closes with some remarks.

2 THE SUPERMODULARITY OF AN OLIGOPOLY GAME

Norde et al(2002 established a convexity proof for the class of linear oligopoly games without transfer-
able technologies that was based on the knowledge how to compute the various values of the coalitions
to proceed their proof by the induction technique. The drawback of such a strategy was that we neither
obtained any informations which mathematical properties of the model caused the convexity result nor
meaningful economical interpretations of the derived properties to conclude which economical forces be-
hind the model drives convexity. In opposite to the proof presentdddrge et al (2002 our alternative

proof technique to investigate the convexity property is based on maximizers and the interchangeability
(symmetry) assumption about each pair of players. This alternative proof technique was very effective to
derive sufficient conditions for convexity and average-convexity in non-linear oligopoly situations without
transferable technologies as it was demonstraté&gigssen & Meinhard2005. Moreover, by relying on

this uniform approach to prove convexity we benefit from very compact mathematical expressions which
clearly highlights the economical forces in the model which are of particular importance to determine the
convexity property. What we will observe in the sequel of our analysis is that we have to work out certain
regular and monotonicity properties for the maximizers and prices to establish the convexity result. Alike
to the linear Cournot model in non-cooperative game theory where the payoff functions exhibit supermod-
ularity that imposes regular and monotonicity properties on the best reply functions, we observe similar
conditions for the maximizers. Moreover, what is immediately clear from the exhibited price monotonic-
ity result is that decreasing price functions are crucial for the convexity result and that we can exclude to
consider price functions where an income effect plays a major rule to derive convexity. The mathemati-
cal properties are translated in a clear and obvious way in economical expressions, and therefore we gain
insight into the economical forces which are causal for mutual cooperation in oligopoly games without
transferable technologies. Since, convexity implies strong incentives for cooperative decision making.

A linear oligopoly situation N, (wg)ken, (ck)ken, a) is determined by the capacitieg > 0, k € N
of the firms, their marginal costg, > 0, & € N, and the prohibitive price (the intercept) > 0 of
the inverse demand functign : Ry — IR given byp(q) := max[0,a — ¢] for all ¢ > 0. With a
linear oligopoly situatio N, (w)ken, (ck)ken, a), there is associated an oligopoly game in normal form
I' = (N, (X, ur)ren), the strategy setX,, k£ € N, of which are given by the interval;, := [0, wy]
and the payoff functions, k € N, are given by

U ((Tm)men) = [max [O, a— Z xm” CXp — Cp + T (2.1)
meN

The strategyr, € X for any firmk € N represents the quantity produced by fikmRecall that in a

Cournot market all firms producing a homogeneous good and the market price is determined by the total

quantity of outputy := >, .5 2. The individual production decision of a firlnimposes externalities

to the other firms transmitted by an induced change in the market price.Fdimeula(2.1) captures

the typical structure of a payoff function in a Cournot market. The payoff to thefidepends on its

individual output decisiorr;, and on the total output of its opponets;, := ZmEN\{k} ZTm, Where the

expressiomn(q) - x, represents the revenue of fifm

From the normal form gam& with the payoff functions given by2(1), we derive its associated

3
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cooperative game, that is formally specified by a pairv). N is an nonempty finite set and: 2V — IR
is a characteristic function defined on the power seVasatisfying the usual convention thatf)) = 0.
An elementk of the nonempty finite seV is called a player while an element of the power Set 2V
is called a coalition. The real numbetS) € IR is denoted as the value or worth of a coalitisn It is
the maximal amount a coalitiofi can guarantee to itself. Furthermore, given a coali§oand a vector
Z € IR"™ we identify with the|S|-coordinates of the vectar the corresponding measure Shsuch that
2(S) = X pes 2k

The corresponding linear oligopoly game (without transferable technolog@ies)), defined byv :=
(v(T))rcn € R2"" is described as follows:() = 0 and for allT’ C N, T # (),

v(T) = max Ha —w(N\T) — x(T)} ~x(T) — Z Ck :L‘]C:|. (2.2)

TreX
TTEAT keT

Note that for every coalitiod” C N we denote its strategy set bYr := [[,cr X& = [[1er [0, wi].
A possible payoff distribution of the valugT") for all 7" C N is described by the projection of a vector
@ € IR™ on its|T’|-coordinates such that{7") < »(7T') forall ' C N.

In Driessen & Meinhard{2005 it was shown that for oligopoly games of thge (2.2) the a- and
(3-values coincide, that is, for dll C N, T # (), it holds that

Vo(T) ;= max min T) 4+ y(N T ] E Cr T
( ) TreEXT §MmTEXN\T |:p< ( ) y( \ keT ok
(2.3)
= min max T)+ y(N T } E CL T =: v S
IYN\TEXN\T TTEXT [p( ( ) y( \ kel BORT ﬁ )

Thus,v := v, = vg. In general, the3-value is equal to or greater than thevalue. This can be
interpreted as indicating that there exists weak incentive to react passively by awaiting the joint action
of the opponents, i.e. waiting or reaction in a bargaining process does pay extra. Moreover, the most
prominent solution concept in cooperative game theory the so-called core will be different. This has some
negative side effects on stabilizing an agreement point inside ofvibere that doesn't belong to the
[B-core. In this case we can expect that some bargaining difficulties will appear.

Note that thex- and3-characteristic functions have been introduced/dwy Neumann & Morgenstern
(1944 and were further developed Byumann(1967). In the literature was also a third type of arguing
discussed, the so-calleetypes introduced biloulin (1981 1988 for two person games and generalized
for n > 2 in the~y-value byOstmann(1984 1988 1994). For these games, the opposition does not rely on
the complete strategy set to stabilize proposals as iatland 3-game, it relies instead of the best reply
set. Strategies that hurt a coalition are not selected by its members. A more thorough discussion of the
various characteristic function concepts can be fourfdstmann(1984).

The reader should be aware that threand 5-characteristic functions represent two different kinds
of perceptions on which principle the arguments of the opponents are based on to obtain an agreement
in a stylized bargain process. That means,dhalue (3-value) represents the payoff the members of a
coalition can guarantee to themselves (can not be prevented from) if the opposition is relying in a bar-
gaining process on the-argument, respectively the-argument. Hence, the- or 5-value characterizes
the potential bargaining power of a coalition under these specific kinds of arguing. Although, ahe
[B-value coincides in oligopoly games, and are therefore based on the same perception that the opponents
will flood the market to stabilize a certain outcome in a bargain process nothing will be carried out at this
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stage. In the case that the negotiation will break down and no agreement can be reached, a coalition can
be sure that under the extrem circumstance that the opposition will carry out its threat and will flood the
market, their members can get at leastdh@r 5-value (cf.Meinhardt(2002 Chapter 4)). Moreover, in

reality a bargaining process will last only over a limited period, it is, therefore, not unrealistic to assume
that the negotiating parties have neither the opportunity to improve their cost structure nor to extend their
capacity beyond every limit to strengthen their bargaining power during the duration of the negotiation.
Such unrealistic assumptions would make no sense, especially, in an environment with complete infor-
mations and no uncertainty, as in our case. Thus, the essential assumption about unlimited constraints
in a Cournot setting is not applicable in a cooperative environment with this specific kind of underlying
bargaining process.

Throughout the remainder of the section, we use the following notation. FOFanyN, we write
ar := a —w(N\T). Note thatarr = ar + wi, wheneverk € N\T. Further, foranyl’ C N, T # 0,
let 7 be a maximizer for thenaximization problem of2.2) with respect to the coalitioft, i.e. v(T) =
maxz,.cx, dr(Zr)foral T C N, where the functior : X7 — IR is given by

dp(Zr) := |a —w(N\T) — l’(T):| cx(T) — Z Ck " Tk for all Zp € Xp. (2.4)
keT

Note that its partial derivative is denoted %%f(f;p) =ar—2-z(T)—ciforallk € T, forall Zr € Xr.
Moreover, given a vector of maximizeis’ € X, we denote by,”, the induced total production in the
oligopoly market, i.e.q” := z7(T) + w(N\T). For the induced total productioff the market price
becomes(¢’) =a — ¢" =a — w(N\T) — 27(T) = ar — 27(T).

The first result states that the induced price incregse 7Y > 0 of a firmi by joining a coalitionS
is larger or equal to the induced price decrease due to an expansion of the production of the old member
firmsinS. Note that the opponents are already producing at full capacity, when al&awves the coalition
with the opponents and joins a coalitiéh In such a situation the opponents cannot counter anymore the
induced price increase af; — foi > 0. Therefore, the price increase can only be offset by an expansion
of the production of the old member firms, because the overall production opportunity has improved and
it is worthwhile for the individual firms to expand the production level, whenever it is possible to do so.

Lemma 2.1. Consider an oligopoly situatioV, (w;)icn, (¢i)ien, a) Without transferable technologies.
Leti € N and for everyS C N\{i}, S # 0, it holds the following price monotonicity relationship derived
from the total induced production leve}$S and ¢°"

(@) < p@) e [wSU%S)—a:S(S)}Swi—fo? (2.5)

Moreover, for every, j € N,i # jandS C N\{i,j}, S # 0, if p(¢°**) < p(¢°7), then it holds that

2999 (8) — 25V (8) < wj — xfuj. (2.6)
Proof. (i) Assume first that all members of producing inS and.S U {i} at full capacity, i.e.xf =
zV = wy, for all k € S and for firmi we havez?“" > 0. This leads top(¢°) = ags — w(S) <
as + w; — 279 — w(S) = p(¢Y), sincew; — z#Y" > 0. This result holds true as well for any
proportionl > 7 > 0 for which firms in.S produce at full capacity and the remaining proportjor- 7)
produces nothing. Then we gete®) = as — 7 w(S) < ag +w; — 27V — 7 - w(S) = p(¢).

(i) Now assume that all members 6f producing nothing in coalitiort’ U {i}, this implies the same

5
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production level as in coalitio¥ that is xf = 0 for eachk € S, since the price increase of at most
w; — z$Y" > 0 has improved the overall production opportunitydnu {i} compared toS. We obtain
p(¢°) = as < ag +w; — 27V = p(¢®Y%). (iii) In order to investigate the final case observe that due
to the increase in price;; — x7% > 0 and if it holds for a firm/ € S such that%(fs) > 0, we get
ag—glui(a?sw) > 0, thuszy = 27V = w;. Butthenl € S is not an appropriate selection. We need to
select a firml € S such that%(fs) <0 and%ﬁl‘ﬁ(fsw) > 0 is given. Ifit holds for all firmsk € S
such thatzy = z3Y" = wy, then no firmk € S exists that produces at an interior solution neithefin
nor in .S U {i}, thus the subcase (i) applies once again. According to these arguments we just consider a
firm [ € S that produces at an interior solution or at its capacity level in coalifian{:}, this yields to

as +w; —2- V(S U{i}) > ¢. The overall production opportunity has improvedsin {i} compared

to S ' we can conclude by the foregoing argumentation that for fiemS we get the following relationship
between marginal revenue and marginal egst- 2 - 2°(S) < ¢, and this implies

ag—2-2%(8) < <asgt+w—2-2V(SU{i}) = |2°Y(SU{i})—25(9)| < % < w.

Hence, we conclude that we obtain the following price monotonjgiy’) < p(¢°“*) which is equivalent
to [z°V(S) — 2°(9)] < w; — V1. Thisproves(2.5).
To prove the second part of the Lemma, observesihat~?) < p(¢°“7) is equivalent to

2V (8) — 29Yi(9) < wj — 229 — (w; — x7Y).
Sincew; — z#Y* > 0, this yields to
:cSUj(S) - xSUi(S) <wj — 23V
With this argument we are done. O

REMARK 2.1.

Notice, we claim that due to the interchangeability of both playersd; we can put forward the essential
assumptiorp(¢°“7) > p(¢°“") without loss of generality in the forthcoming convexity proof, since if the
assumptions is not satisfied playaran take the role of playgrand vice versa. In summary, our approach

to investigate convexity of oligopoly games is strongly based on an appropriately chosen interchangeability
assumption about two maximizers (Eftiessen & Meinhardf2005). O

Lemma 2.2. Consider a linear oligopoly situatioV, (wg)ren, (ck)ren, a) Without transferable tech-
nologies. For anys C N\{i,j}, S # 0 with (23Y%)xcs andp(g®7) > p(¢°Y?), then

2¥9(S U {j}) = 2V(9). (2.7)

Proof. Note first that the joining of firmi and;j to coalition.S imposes a price increase compared to the
initial situation without the participation of firmandj, since%f:) = —1forall kK € N\S. The cost
structure remains unchanged under an increase in prices, thus the overall production situation has been
improved for all old member firms i§ U {m} compared t&5 with m = i, j. Notice in addition that we

have to consider two trivial cases. That is eithgr’ = 239 = 0 or ¥ = wy forall k € S. (i) In the

former case, we gat®“7 (SU{j}) = foj > 0 = 2°Yi(S), whereas in the latter case (i) — the full capacity

case — firms will never reduce their production in the new situation due to the overall improvement in their
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production condition. According tor")es, =5 > 0, we getzSI(S U {j}) = 25%(8) + 27

w(S) + a:fuj > w(S) = x°Y4(S). In order to conclude we have still to consider two non-trivial subcases
for interior solutions. (iii) For this purpose selected a firin S for S U {m} with m = i, j, and let us
first assume without loss of generality that > foj > xlSUi > ( is given. Notice that it is sufficient to
select a firml in S for S U {m} with m = 4, j with strictly positive production to compare the production
condition of coalitionS U {;} with coalition S U {i}. Whenever we can not find a firinwith strictly
positive production or thatf = wy, for all k£ € S, then one of the above trivial cases applies once again.
Under the assumptiom; > zlSUj > fo" > 0 the overall production opportunity is better undeu {;}

than undeiS U {i}. This implies thap(¢°“7) — 257 (S U {j}) > ¢; and¢; = p(¢°) — 25V (S U {i})

and, thus we get

25 (S U {j}) — 2™ (S u{i}) < p(a®) = p(¢™).
Therefore, we need some estimation from below, but de%—%ﬂ) = —1forallk € N\S and (27" 1es
:z:ij > 0, we conclude that*“7(S U {j}) > x°Y/(S). (iv) Now let us consider the subcase that we have
0< a;ij < 27V < w;. Thus the overall production situation is now better under the coalffion{i}
than undeiSU{;}, we can conclude that ¢°“7) — 257 (SU{j}) = ¢ and¢; < p(¢°Y*) — 2V (SU{i}),
hence ‘ ‘ ‘ ‘
0 < p(¢°7) = p(¢°) < 2 (S U {j}) — 25V (S U {i}),

According th:ij > 0, (z7Y)res and applying the fundamental interchangeability assumptigit-7) >
p(¢%%), we obtain nows>Y7 (S U {j}) > 2°Y(S). With this argument we are done. O

Example 2.1. To see that the interchangeability assumption®?) > p(¢°“?) is crucial to derive the
resultz°Y7 (S U {j}) > 25Y(S) given byLemma2.2 consider an oligopoly situation with three firms
N = {1,2,3}, an inverse demand function given pyi) := 20 — (x; + z2 + z3), where the vector of
marginal costs is specified @~ {2, 2,12}, and the vector of capacities is given &y= {4,4,12}. The
optimal production schemes for the various coalitions are given by

M=, 2 =1, 2 =0,
33‘1{1’2} =0, xém} =3,
xil,?)} _ 4 x§1,3} ~0
x;z,g} =4, m§2’3} =0,
x{vzll, xévzll, xévzo.

Exemplary, letS = {1}, i = 2, j = 3, then we gep(¢°7) = p(¢{13}) =12 > 5 = p(¢{12}) = p(¢®).
By restricting the optimal production scheme of coalitioh 2} on x‘l{l’2}, we getz{12H({1}) = 0. In
addition, observe thatt'3}({1,3}) = 4, thus we have:{13}({1,3}) = 4 > 0 = {12 ({1}) as re-
quired. Now, observe that by interchanging the role of the players, that=s3,j = 2, the total
production of coalition{1,3} remains unchanged orf-3}({1,3}) = 4, whereas the restriction of the
optimal production vector gives us naw'3} ({1}) = 4, and for coalition{1, 2} we have a total produc-
tion of 112} ({1,2}) = 3. Hence, we get{"?}({1,2}) = 3 < 4 = #{13}({1}). But now we have
(%Y%) = p(gt'3h) > p(¢t2) = p(¢°Y7) that violates clearly the condition(¢°7) > p(¢5Y%). Itis
left to the reader to check the remaining cases. O

The next result states that if the sum of maximizers in coaliion{;} is larger than inS U {i}, i.e.
39 (S U {j}) > 2V (S U {i}), then the total induced price effect by exchanging playley player: in

7
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a particular coalition is larger than the total induced price change if plaggpining the opposition and
player; is leaving. To see that notice that by joining a particular coaliicancertain player will produce

at most at full capacity even less, but if he belongs to the opposition, he is producing at full capacity. That
means that the impact on the price level must be weaker in the former than in the latter case. According
to the assumption the induced total productioi$io {i} must be less than if U {j}. This yields to the
observed price effect mentionedmmoposition2.1 below.

Proposition 2.1. Leti,j € N,i # jandS C N\{4,5},S # 0. If 259 (S U {5}) > 25Y(S U {4}), then
p(@°). (2.8)

Moreover, for every, j € N,i # jandS C N\{i,j}, S # 0, if 2°V(S) > 25(8), then it holds that

w; —w; < p(¢°) —

p(¢°)

(2

) S = af [o5(8) 0 (S)] < (2.9)

Proof. Recall thatag ry = as + wi andas = a — w(N\S). By Lemma2.1 we get the following
monotonicity relationship(¢®) < p(¢°“7) of the inverse demand functignand by the monotonicity of
the sum of maximizers®(S) < z°V(S9), we get

wi —wj < w; —w; + & (SU{j}) — 2°V(9) —

= agui — 2°V(SU{i}) — asy; + 2 (SU {5}
89) = p(¢®) = p(¢®) + p(¢®) — p(¢°7) (2.10)

< p(¢°7") — p(¢%) = asui — 25V(S U {i}) — as +25(S)

SUZ‘)

=p(¢°") — plq

=w; — xfw + [mS(S) - xSUi(S)] < w; — xfw

The first inequality holds true due to our assumption, whereas the second and third inequality is satisfied
by the monotonicity properties. O

Example 2.2. To see that the sufficient conditiart“!(S) > x°(S) mentioned irPropositior2.1does not
hold in general consider an oligopoly situation with three fitkhs= {1, 2, 3}, an inverse demand function
given byp(¥) := 20 — (z1 + x2 + x3), where the vector of marginal costs is specified’sy {2, 13, 12},
and the vector of capacities is given @y= {2,2,4}.

LetS = {3}, i = 1,5 = 2 and observe that we obtain the following optimal production p&ﬁ{ﬁé} =
2, x§1’3} = 1 for the cartel1, 3}. Whereas for carte]2, 3} we getrf’?’} =0, x§2’3} = 3 and note that in

case that firns remains independent it produce$’ = 2. Thus,z{23}({2,3}) = 3 = 3 = 2{13}({1,3})
butz3}({3}) =2 > 2{13}({3}) = 1. O

In order to determine the economical factors which are crucial in obtaining the convexity condi-
tion (2.16 in oligopoly games without transferable technologies we need to consider the revenue function
of a coalitionT’, denoted by (£7) := [ar — 2T (T)]- 27 (T). Inequality(2.14) below states that the rev-
enues evaluated at the appropriately chosen maximizétsandz °“7 exhibit supermodularity. This can
be interpreted as indicating that the marginal revenug(i V") — rg((z7"")xes) of a firmi increases to
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Ui (599, 27Y%) — rgy;(2599) whenever the size of the capacity controlled by a cartel expands from
w(S) tow(S U {j}) and the underlying production schedule is changed ot to #%7 while firm i

has not adjusted its production plan to the new situation. In the forthcoming convexity proof we will no-
tice that this kind of supermodularity of the revenues is the crucial property to derive the convexity result
and that the associated costs are not important. We conclude that as long as the underlying production
technologies is described by linear cost functions without synergy effects more general revenue functions
have to satisfy this kind of supermodularity to obtain convexity of the gaWe) of type (2.1), since

from the cost side exists no potential damaging factors that might destroy convexity and therefore mutual
cooperation in the cartel.

Lemma 2.3.

1. Leti € N and for anyI’ C N\{:} the following inequality holds
#7(0) -~ 0lD)| -2t < fas ] o700, (2.11)
that is equivalent to
pla') - pla") () < ") i =l (7D | 212)
2. Leti,j € N,i # j. ForanyS C N\{i,j}, S # 0 the following inequality is satisfied
[2 Ui wz} ' [W‘(s Ui - xSUi<s>] < Sy, (2.13)
that is equivalent to

rsui(Z°9) + rsui (°97) < rs((@f P kes) + rsui (F797, 259%). (2.14)

Proof. (1) Let us first observe tha2(11]) is equivalent toZ.12). For this purpose we stantith (2.12).

pla') - pla") () < o) i = 0l [T 4| (2.12

=
[ai - xz] xt 4 {ozT — :ET(T)] . xT(T) < {OéTui - xT(T) — xi] . [wT(T) + xi]
Rearranging the maximizes$ andz”', we obtain now
[ai — 2t —agu + 2T (T) + x;] cxl < [ozTui — 2T (T) — 2t —ap + a:T(T)] - (T),

that is
[xT(T> +a; — aTUi:| ‘< |:wi - mi} -2 T(T).

Now consider thaty;, — ary; = —w(T'), hence, the above inequality simplifies to
T i i T
[;1: (T) — w(T)] sz < [wi - xz] ~xt (T). (2.1)

9
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Due toz! < w; the right hand side (rhs) is non-negative and the left hand sight (Ihs) is non-positive
according tar” (T) < w(T). Thisproves(2.11).
(2) To start with the second part of the proof let us consider firsexpeessior(2.14) given by

p(q®) - (S U{i}) + p(¢°) - 2 (S U {j})

< [Pl ik | a8) [l ) 5] [ ) ]

—

s =5 U 0| -« ™HS U0 + sy — 25U ()] (5 U (3D
< {as _ xSUi(S)]  2SUi(9) 4+ [asuzj _2SY(S UL} — xfui} - [xsuf(s UG + fo’] .

Recall thatvyu, = ar + wi, andapr = a — w(N\T'). Now observe that the above inequality reduces to
the simplified expression given bg.(3

7 7

wi = 2] - 05(8) < s = o] SIS UGN + [y = SIS UL +2%(5) P

wi =] [S8) ~ oIS U ()] < Py P [a5(8) - s S U )

200 = ][5 U () - )] < 0B 219

Consider now tha - z7Y — w; < 2V according tar?“" < w;. To conclude, notice first that we can
put forward the interchangeability condition of both playgend;, that is given byp(¢°“7) > p(¢°“),
without loss of generality. Then lyemma2.2that satisfies the fundamental interchangeability assumption
p(¢°Y7) > p(¢°Y"), we haver®“ (SU{j}) > 9V(S). Hence, we conclude that the second tern2atd
is non-negative. If it holdg - 27Y" — w; < 0, then Q.13 is clearly satisfied, since the Ihs ¢f.13 is
non-positive whereas the rhs &.13 is hon-negative. To finish the proof we need to estimate

SIS UG —aSY(S) <w;  if 2tV > %
Which is clearly satisfied by part (2) dfemma2.1given by inequality 2.6). This establishe2(14). [

Example 2.3. In order to gain some familiarity with the interchangeability (symmetry) condition, let us
resume Exampl@.1 For the first cases = {1}, i = 2, j = 3 andp(¢°Y7) > p(¢°Y?) for any
S C N\{i, j}, we obtain by applying formul&2(13

2 2PV — ] - [ (S U {5}) — 2%V (S) =6 —4] [4-0] =8 <3-12 =36 = 20" - w;.

)

It should be apparent that whenever we apply the interchangeability condition, we have also to interchange
the labels in formulaZ.13 to get a correct statement. That means for the case-ef{1}, i =3, j =2
andp(¢®“7) < p(¢Y"), where we have interchanged the role of play@nd j, that we get now for
inequality .13 the following reformulation

2259 — wy] - IS U{i}) - 299(9)] < 5 -,

10
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which is by using the numerical values of Examplé&
6—4]-[4—0]=8<3-12= 36,

that is the desired result. According to the symmetry condition of the convexity property, this must be
clearly the same result as in the former case, since we have only interchanged the role of both players,
nothing more. O

Proposition 2.2. The oligopoly game without transferable technolodi#sv) of theform (2.2) is mono-
tone, i.ew(T) > v(S) forall S C T C N.

Proof. Let T := S U {i,j} and letS C N\{i,j},S # 0,i # j,. Consider the feasible production
combination(z°7, 0) € Xsu; x Xi = Xsuij to underestimate the value of coalitiéiu {i, j} to derive

v(SULig}) > |asuy — 2" (S UL +wi| 2% (S U — Y ey
keSuUj

=v(SU{j}) +wi - 2> (S U {5})
= w(SU{i,j}) —e(SU{j}) 2w - 2%V (SU{j}) 20
This proves monotonicity of the oligopoly game of tloem (2.2). O

The oligopoly TU-gamé N, v) is called to beconvexif its characteristic function : 2V — IR, as
given by @.2), satisfies one of the following two equivalent conditions 8fiapley(1971)):

v(S)+v(T) <v(SUT)+v(SNT) forall S, 7 C N (2.15)
or equivalently
v(SU{i}) —v(S) <wv(SU{i,j}) —v(SU{j}) if S C N\{i,j}. (2.16)

Remind that for the linear case a first convexity proof was giveNbgde et al(2002. We present
now an alternative proof that is based on the use of maximizers for the relevant maximization problems of
theform (2.2) and on an interchangeability (symmetry) condition of playeasdj given byp(¢°“7) >
p(¢°Y%). If this condition is not valid (or equivalently(¢°“7) < p(¢°“%)), then an identical proof applies
in which playeri takes the role of playerand vice versa.

Theorem 2.1. The oligopoly game without transferable technologi#5v) of theform (2.2) is a convex
game.

Proof. In order to establish theonvexity condition(2.16) we have to consider two cas€s= () andS # ()
Case one We suppose that = (). Now letT C N\{i},T # 0. Instead of proving/({i}) + v({j}) <

v({i,7}) we prove the convexity condition by the extended versiofi}) + v(T) < (T U {i}), if

),
)

T C N\{i},T # (. Concerning thenaximization problen{2.2) we can describe({:}) andv(T) by
maximizersz! andz ' such that

o({i}) = [ai - :c] g (2.17)

v(T) = [aT — xT(T)] (1) =Y e af. (2.18)

keT

11
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By choosing the feasible production plé(m:f)kg, xﬁ) € Xr x X; = Xy for the coalitionT' U {i} we
get

WTU (D > ars = (1) = al] @) 4ol - eof - sl 229
The cost terms cancel out and and we obfaimula(2.12) from the first part oLemma2.3
ai—al] at+ [ar—oT @] oT@) < fori— ") -al] [0 at]. a2
That is equivalent texpression{2.11) by Lemma2.3, hence
1) - wl)] ot < [ al] a0 (2.19
The inequality is satisfied due temma2.3and theconvexity condition(2.16) is given forS = (.

Case twa Suppose thaf # 0. Now, leti,j € N,i # j, andS C N\{i,j} and rewrite for conve-
nience’sake theonvexity condition2.16) as

v(SU{i}) +v(SU{j}) <v(S)+v(SU{i,j}) if SC N\{:,7} (2.20)

Concerning thenaximization problem&.2) with respect to the coalition$U{j} andSU{i} respectively,
we consider their maximizetg>“7 andz " respectively in order to derive the following equalities:

W(S U {5}) = [QSUj SIS U {j})} SUSUGEN - Y et @2D)
keSu{j}
v(SU{i}) = [Oésui — V(S U {2})} cSYHS U {i)) — Z cp - gt (2.22)
keSU{i}

We choose now the feasible production p{a:ﬁUi)kes € X for coalition S to obtain
v(S) > [ozg — zSUi(S)] - 2Y(8) — Z cp -yl (2.23)
kesS

Similar, for coalitionSU {3, 5}, we choose a feasible production plai’7, foi) € Xouj x X; = Xsuij
to get

o(S U {ij}) = [aswj ~ S U)) - S] - [xS%S U+ aﬂ (2.24)
— Z k- a:fuj —c - :U;gUZ
keSuj

The cost terms will cancel out and we arrive at
[Oésw 2SS U {z‘})} (S U (i) + [aw — 2SS U {m] SH(SU(5))

12
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To establish theonvexity condition(2.16) we have to show that the above inequality is satisfied. But from
Lemma2.3we know that this expression is equivalent to

{2 - “”] | [‘”S“j (SU{3)) —259(8) | < af ;.

]

This argument establishes convexity and we are done. O

REMARK 2.2.

The uniform approach to investigate convexity is strongly based on an appropriately chosen interchange-
ability assumption about two maximizers. Concerning the oligopoly gamex @fwith a linear inverse
demand function and linear cost functions, an alternative proof of its convexity property was established
in Norde et al(2002. Opposite to our uniform approach to investigate convexity, their alternative con-
vexity proof neither refers to maximizers, nor to any essential interchangeability assumption about max-
imizers. In fact, their alternative convexity proof is extremely tedious, requires a lot of mathematical
notation, and its proof technique is based on some induction arguments to be applied to a slightly adapted
oligopoly game. Moreover, the worth of any coalitiSrin the initial oligopoly gamée N, v) is treated as

the following rather complicated expression:

v(S) = wak(max [0, a—w(N\S)—c—2- Z wg} ). (2.25)

kesS Les, t<k

Here, for anyz > 0, the associated functiofy. : R — IR is given byf,(y) := % forall0 <y <2-z,
whereasf,(y) := = - (y — ) whenevery > 2 - x. All together,Norde et als proof of convexity for

the oligopoly games ofX 2) is fully based on mathematical arguments without offering any meaningful
economical interpretation, whereas our uniform approach to investigate convexity establish as a first result
some regular and monotonicity properties for the maximizers and prices. O

3 SUPERMODULARITY WITH TRANSFERABLE TECHNOLOGIES

In the previous section we have investigated the convexity property for oligopoly games without transfer-
able technologies, that is, the production opportunity of a cartel is completely determined by all member
firms. The most efficient production process cannot be adopted by the member firms. But this assumption
might be realistic in the short run. In the long run one can expect that firms can adopt the most efficient
technology by direct technology transfers or partly by the transformation of publicly available informa-
tions. In this section we study the convexity property in the case that synergy effects among firms are
possible by assuming that firms in a cartel can costlessly acquire the technology of the most efficient firm
in the cartel. Formally, we consider the case that the production opportunity of a codlitiolhbe de-

scribed bycr := minger ¢ for every coalition” C N. We call such a situation an oligopoly problem

with transferable technologies.

Zhao (1999 provided under very restrictive assumptions a necessary and sufficient condition under
which a linear oligopoly game with transferable technologies is con¥eroassumed that the capacity
level of each coalition is sufficiently large to produce at an interior solution and that its average variable cost
is always less than or equal to the market price, that is, there is no shut down price. For the symmetric case
these restrictive assumptions yield to the result that the capacity is above its Cournot equilibrium supply
but bounded from above by its monopoly supply. A first paper that dispensed from these assumptions for
linear oligopoly games were provided biprde et al(2002. Their major finding was that although these

13
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game types are not convex they are nevertheless totally balanced. Hence, a core solution exists and it exists
a weak incentive to merge economic activities in larger units.

The purpose of this section is to reconsider the type of oligopoly games first studigbby1999
with our alternative proof technique that relies on maximizers and the symmetry assumption for each
pair of players, instead of introducing artificial assumptions, to observe if we can reproduce the sufficient
and necessary condition provided Blao(1999. In the sequel of this section we will observe that the
assumptions imposed [Bhaowere crucial to derive the necessary condition for convexity for these game
types. Although we can reproduce the first result on sufficiency our second sufficiency result is more
general than the one derived Bjiaothat even coincides under very restrictive assumptions.

The corresponding linear oligopoly game with transferable technolddies) is derived from the
same normal form game with payoff functionstgpe (2.1). But in addition we have to care about the
synergy effects among the firms, thatis := mingcr cx. Furthermore, the partial derivative changes
slightly to o = o — 2.2(T) —cpforall k € T and for allz; € Xp. The cooperative oligopoly game
with transferable technologi€#V, v) is described as follows: for all C N, T # (),

o(T) = max Ha—w(N\T)—x(T) (T — ep - 2(T)| . (3.1)

FreXr
As has been proved ithao(1999 the a- and-values coincide again, henee= v, = vg.

Example 3.1. Now observe that in oligopoly games with transferable technologies we lose the price
regularityp(¢®) < p(¢°“") we obtained in the previous case. The induced price increase:>" of firm

i is outweighed by the expansion of the productioit?(S) — 2°(S) of the old member firms it5. To

see this consider an oligopoly situation with three firMs= {1, 2, 3}, an inverse demand function given

by p(Z) := 20 — (z1 + z2 + x3), where the vector of marginal costs is specified’by {2, 2, 12}, and the
vector of capacities is given by = {2,2,4}.

Let S = {3},7 = 2,57 = 1 and observe that the optimal production plan of figns x§3} =2

that leads to a price level gf(¢{*}) = 14. The optimal production plans of cartél, 3} and {2, 3}
respectively, are:il’?’} =2, xél’?’} =4 andxf’?’} =2, x??’} = 4. This leads to the following price levels

of p(¢{™3}) = 12 andp(¢{>3}) = 12 respectively. The reader may check that the corresponding oligopoly
game(N, v) of theform (3.1) is not convex. O

In contrast to the case of oligopoly situations without transferable technologies we can now derive
some regular conditions on the sum of maximizers betweén) and=>"*(S) if we impose an additional
assumption on the production process. The monotonicity result stateaposition3.1 is valid, if we
suppose that the reorganization of the production process between firms is not costless. Notice that due to
synergy effects all firms in a coalition are identical efficient and therefore the optimal production vector
will in general not be unique. The joining of a new firimio a coalitionS induces an improvement of
technology either for all firms i¥' or just for the joining firmi. Since there is no difference in efficiency
between firms there is no need to reorganize the production process by shifting production to the newcomer
if the total sum of production can also be optimal produced by the old member firms.

Proposition 3.1. Consider an oligopoly situatiofiV, (w;);en, (¢i)ien, a) with transferable technologies
where the reorganization of the production process is not costless. ForieachVv and for all S C
N\{i}, S # ), the maximizerg® of themaximization probler(8.1) w.r.t. coalitions satisfy the following
monotonicity property:

25V (S) > 2%(9),

14
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and ifz7Y* > 0 then we get _
2SS U {i}) > 25(S).

Proof. First observe that the joining of an additional firnto coalition S imposes due tavg + w; an
increase in price and therefore an improvement in the overall production opportunity. In addition, we have
csui = min{cg, ¢;}, thuscgy; < cs. But then under the underlying assumption weggt' > 2% for all
k € S, that leads ta°Y(S) > 2°(S). If 7Y > 0, then we get a fortiori:*V (S U {i}) > z9(S). O

Proposition 3.2. The oligopoly game with transferable technolog(és v) of theform (3.1) is monotone,
i.e.v(T) >wv(S)forall SCT CN.

Proof. To prove monotonicity of an oligopoly gaméV, v) of the form (3.1) write 7' := S U {i} with
S C N\{i},S # 0. Consider the feasible production combinati@i’,0) € Xg x X; = Xg; t0
underestimate the value of coalitiéhu {i} to derive

v(SU{i}) > [aw —z%(8) — cSUi] -25(8) > [ag —z%(8) — esui| - 2%(9),
then we get
%) = csa| - 05(8) 2 o) - s 25(9) = u(s),
sincecsy; = min{cg, ¢; }. This argument completes the proof. d

As in Zhao(1999 we introduce a set that consists of those firms and their associated coalitions whose
marginal cost are strictly supermodular.

Q:= {(S,i,j) | S C N\{i,j} and cs—csui > csuj — CSUij} (3.2)

LetS € N\{¢,j} and define now
bs = ag — cg — 2UI(S) dsuij = asuij — csuig — 29 (S U {j}) — aP, (3.3
Asup = w “ SRS ULRY)  k=4,]. (3.4)

Similar, we suppos€ # () and for any(S, 1, j) € Q, we let
f(S,4,7) == [C%Uz‘j + ¢ — Cou;i — C%Uj] +2-w(N\S) - [CS + csuij — Csui — CSUj:|
+ 2w - [wi + csuj — CSUij] + 2w - |:CSUi - CSUij:| (3.5)
C(S,’L,j) = |:C§Uij + C% — c%Ui — C%Uj:| - |:C§Ui + C%vuj — CSU;i * SUi — CSUj . aSU]:| (36)

h(S,i,j) = —2-wj -2 + 2 [Cswj -0suij +¢s - 05 — Aguj - csuj — Asui - Csui} (3.7)

f(S,4,5) +C(S,4, ) + h(S, i, j)

H(S,i,j5) :=
(5:44) 2 [cs + csuij — Csui — Csuj)

(3.8)

15
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F(S,i,j) == (84,5) (3.9)
2 [es + csuij — csui — csuj)
= min H(S,i,j = min  F(S,4, ). 3.10
w:= min (8,i,§)  w shin (S,4,5) (3.10)
REMARK 3.1.

Notice that instead of using the notationg 6f7',i), S C T, i € T, andS # () as inZhao(1999, we use
(S,4,7). One consequence of our notation is tAAkds Theorem and our generalized Theorem are not
anymore directly comparable. We have to rewrite the necessary and sufficient condition into our notation.
The second consequence is that by defirfing: S U {;j} thew-value in 8.10 might be larger than that

given inZhao(1999, becauseS U {;j} covers only a smaller portion than tfés. But the problem with

the notation used ighao(1999 is that the interchangeability assumption of plaiyand; is not anymore
applicable. According to its proven effectiveness and ease to work out the convexity property for different
classes of games as for instancéinessen & Meinhard(2001, 2005, Meinhardt(2002, we think that

is more than justified to deviate from the notation introducedZbga Although, it might cause some
confusing at the first moment. O

Now let us resume first the assumptions and the theorem givethag (1999 that provides a nec-
essary and sufficient condition for convexity in linear oligopoly TU-games with transferable technologies
to notify the difference to our more general result which is derived by relying on appropriately chosen
maximizers and the symmetry assumption for each pair of plagéeimposed the assumptions given
below for an oligopoly game df/pe(3.1) to obtain his convexity result.

Al. The capacity level of each coalitighis sufficiently large to produce at an interior solution.

A2. For each coalitiord, its average variable cost is always less than or equal to the market price, hence,
there is no shut down price.

Theorem 3.1 Zhao (1999). Let (N,v) be an oligopoly game with transferable technologies of the
form (3.1) that satisfies the assumptions (A1) and (A2).

1. The game N, v) is convex, if2 = ().
2. Let now(2 # (), the game N, v) is conve, if and only if < w,

Now, observe that our alternative proof technique allows us to dispense from the assumptions (A1) and
(A2) to obtain a modified convexity result. Especially, the second result is weaker than the result worked
out byZhao(1999, since we can not reproduce his necessary condition, we get only sufficiency.

Theorem 3.2. Let (IV, v) be an oligopoly game with transferable technologies offthe (3.1).

1. The gamé N, v) is convex, if2 = () andz°7 (S U {j}) > 25V (S U {i}) for everyi,j € N,i # j
and allS € N\{i,j}, S #0.

2. Let now(2 # (), the game N, v) is convey, ifs < w.
Proof. (1) To prove theconvexity condition(2.16) we have to distinguish two cases, nam#gly= () and

S # 0.
Case one AssumeS = (). Now letT C N\{i},T # 0. To derive theconvexity property(2.16) we
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concern about thenaximization problen(3.1) to describev({i}) andv(T) by maximizersz! and &7
such that

o(4i) = | = al] af - i (3.11)

o(T) = [aT — a:T(T)] caT(T) — ep - 2T(T). (3.12)

Similar to the proof folTheorem 2.1we try to underestimate the worth of coaliti@hu {i} by choosing
the feasible production plafiz;] )xer, 2i) € Xr x X; = Xru; to get

v(TU{i}) > [aw —z7(T) —xi} : [mT(T) +x§] — crui - :xT(T) +x;i]. (3.13)

Combining terms we get

[ai _ x] i+ [aT _ me} T(T) < [aw A T(T) — 4| [me + x}

¢4 cep -2t (T) — erui - [$T(T) + $2] . (3.14)

The first part is again the sam&pression of2.11) already discussed inemmaz2.3, we simplify to

[:CT(T) — w(T)] cxt < [wi — xﬁ] . a:T(T) + {ci — CTUi:| cxl |:CT — CTUZ':| . a:T(T). (3.15)
Observe that; > cpy; ander > ery; due tocry; = min{c;, cr}. Thus, the cost terms are non-negative,
while from the first part oLemma2.3we know that the |hs is non-positive and the first term of the rhs of
(3.19 is non-negative. We conclude that the inequality is satisfied anddiheexity condition(2.16) of
an oligopoly gamé N, v) of theform (3.1) is given forS = {.
Case twa We suppose that # (). Now, leti,j € N,i # j, andS C N\{i,j}. Concerning the

maximization problem§3.1) with respect to the coalitionS U {5} andS U {i} respectively, we consider
their maximizersz 5“7 andz *“* respectively in order to derive the following equalities:

WSV = [asus SIS UGD| S UGN - ey S ISULY (39
v(SU{i}) = [asuz» — 2SY(S U {z’})] 2SS UEY) — esui - YIS U{i}). (3.17)

We choose now the feasible production plai?)scs € X for coalition S to obtain
v(8) > [ozg — xSUi(S)] c2OY(S) — g - 2YY(S). (3.18)

Similar, for coalitionSU{3, j }, we choose a feasible production p(azf?Uj, xf“i) € Xsuj x X; = Xsuij
to get

W(S Ui} = [aw-j (S U {j)) - afY - csw»j] - [:csws Dh+as]. @9
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To establish theonvexity condition2.16) we have to show that the following inequality is satisfied
[ozgui — 2°Y(S U {z’})} SV (S U {i}) + [asuj — %S U {j})] 2SS U {5} (3.20)
< [as =) - 0(8) + o — (5 U ) -] - s U LY +a]

. ..SUi : . .SUj Y SUirQy SUj : SUi
+esui 27 (S U{i}) + esuj - 277 (S UG} — es -2 (S) — esuij - [w (SU{i}) +; }

But from Lemma2.3the expression can be reduced to
[2 Y- wi] . [:Usuj(S’ u{j}) — :USUi(S)] <aPViow; < aPYow; (3.21)

. ..Sui : o ..SUj Y SUiray SUj : Sui
+ csui - x (S U {Z}) + csuj - x (S U {]}) Cs T (S) Csuij * |:$ (S U {]}) + T :| .
It suffices to show that
. ..Sui : . ..SUj : Sui . Suj . Sui
csui - 27 (SU{i}) + esuj - 2”7 (SU{j}) —es - 277 (S) — esuij - [x (SU{j}) +x; } >0,
which is equivalent to

Ccsui a:SUi(S U{i}) + csuj - [1‘Suj(5 u{s}) + xSUi(S u{i}) — :CSU"(S U {z})} —cg - [a:lsUl — x;S'Uz:|

—cs - 2% (S) — esuij - [g;suj(s U{j}) — 2" (S u{i}) + =" (S U {i}) + xfui] >0

— (3.22)
|:CSUi + csuj — ¢s — CSUij] 2?(S U {i})

+ Jesu — esug | - [#9(5 U 1)~ SV D) + [es ] -8 2 0

Observe first thats; > csui; andes > csuqj, since it holds foksy;; = min{c;, csu;} and foresu;; =
min{c¢;, ¢j, cs}, therefore the above requirement holds¢if; + csuj — cs — csuij] > 0. Thus convexity
is established if2 = () is satisfied.

(2) Assume thaf2 # (. It remains to prove that the sufficient conditier< w must be satisfied to obtain

the convexity of an oligopoly gam@V, v) of theform (3.1). We need just to consider the case“ (). The
proof for the case& = () is identical to the proof given in the first part of (1). To proceed in the proof note

first that
[2 e w,] | [xsw(s O — 2% (S)} . [2 S wz} oy < 2,
and use the definition introduced i8.8) and @.4) to rewrite theformula of (3.21) to obtain
csui - V(S U{i}) + esuj - (S U{G}) — s - 25UH(S)

R I ) i S Y
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—

asu; — CSu; asyj; — Csuj
csui - [2 — ASUi] + csuj - [2 — Agyj| —cs - |as —cs —dg

SUi
— CSuij - [Oésuij — CSuij — 55Uij:| + wj [wi —T; l] > 0,

which must be non-negative to establish tbevexity condition Now add the termél /2)-csuk - ((asur —
csuk) — (asuk — csuk)) for k = 4, j to the expression above, then we get

2 2 2 2 1 2 2 4 , , ,
Csuij T €5 — Csui — Csuj| — 9 Csui T C5uj — CSui * AlSUP — CSUj * AUSU;j

tas- |:CSU'£ +Csuj — ¢s — CSUz‘j:| + wj - [wi + Csuj — CSUij:| + wj - [Csui - Cswg}
—w; - PV 4 |:C.S‘Uij 0suij +¢s - 05 — Aguj - csuj — Asui - CSUZ':| > 0.
In order to have theonvexity conditiorsatisfied, it must hold for ans, i, j) € Q that
2- [C?S'Uz‘j + C% - C%ui - C%Uj] - |:C?9Ui + C%’Uj — CSui - sui — CSUj - Oésw}
+2-w(N\S) - {CS + ¢esuij — csui — CSUj] +2-wj - [wz’ + csuj — CSUij] +2-w; - [CSui - CSuij:|
— 2w 2P 42 [CS’Uij ~0suij +cs - 0s — Aguj - csuj — Asui - CSUi:| >2-a- [Cs + csuij — csui — CSUj]-

Recall the formulas3.5), (3.6), (3.7) and B.8). We can simplify the above expression to

f(S,4,7) +C(S,i,5) + h(S,i,j)
2 - [cs + csuij — csui — Csuj)

:H(S7Z’]) Z a/’

which must hold for anyS, i, j) € €2 to establish convexity, hence we require that

in H(S,i,j) =w > a, 3.23
shin (5,1,j) =w=>a (3.23)
which is property we are looking for and we are done. O

REMARK 3.2.

Let us now reconsider the sufficient and necessary condition presenfdtaby1999. One of the crucial
assumption made ¥haowas the interior solution assumption. For this purpose suppose that the interior
solution assumption is satisfied, then we get for the total sum of maximizers of each caoglitierfol-
lowing expression:®(S) = (ag — cg)/2 that yields tov(S) = (ag — c¢g)? /4. The marginal contributions

of playeri become

1

WSUGH = 0(8) = ¢+ |us— &+ 2-as (it es —esi) e (- 2ees) |

and
v(SU{i,j}) —v(SU{j})
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1
=1 |:C?9Uij - C?S’uj + 2 asuij - (wi +csuj — CSUij) +w; - <wi -2 Cswyﬂ :

Plugging in these results in ttmonvexity condition(2.16 and collecting terms we get the equivalent
expression

[C%uij +co — Chui — C?Su;} +2-w(N\S) - [Cs + csuij — csui — Csw]

+2-wj- [wi + csuj — cw;} +2-w; - l:CSUi - CSUij] >2-a- [05 + ¢suij — ¢sui — esuj | -

Usingdefinition (3.5 we simplify to
f(S7 Z.7 j)

=: F(S,1,7) > a.
2 [cs + csuij — csui — Csuj) ( )

Again this must hold for eachsS, i, j) € 2, we reproduce the Zhao sufficient and necessary condition
given by

= min F(S,i,7) > a. 3.24

O liffen PSR 20 o

It should be obvious thaB(24) is equivalent to§.23), i.e. F(S,4,j) = H(S,1,j) if and only if for each
(S,i,7) € Qwe haveh(S,i,j) = C(S,i,5) = 0. <&

Example 3.2. Consider now an example where the interior soluiesumption (Alyiven inZhao(1999

is not satisfied. For this purpose assume that the linear oligopoly situation with transferable technologies
is described byV = {1,2,3}, an inverse demand function given by¥) := 22 — (z; + x2 + z3),

the vector of marginal costs is specified 8y= {2,4,6}, and the vector of capacities is given by=
{4,3,2}. Note that we have set the parameieio 22. Recall that we have to solve for each coalition

the optimization problem of théorm (3.1) to obtain the corresponding cooperative oligopoly game. It
turns out that each coalition produces at its capacity level, hence the interior s@ssiomption (Al)s
violated. The oligopoly TU-game is given by

v(0) =0, v({1}) = 44, v({2}) =27, v({3}) = 14,
v({1,2}) = 77, v({1,3}) = 66, v({2,3}) = 45, v(N) = 99.
This game is convex.

In a first step we check if the sufficient and necessary condition w of Zhads Theorem 3.1is
satisfied. Observe th& = {({3},1,2),({3},2,1)} # 0, hence we have to apply the second case
of Theorem 3.JlandTheorem 3.2This implies that we gef ({3}, 1,2) = f({3},2,1) = 84, and therefore

w=F({3},2,1) = F({3},1,2) = f(3),1,2) T

2 [egay +on — ey — ¢q2,33) 4

Thus, the sufficient and necessary conditiod w is violated despite the fact that the game is convex.

Finally, let us verify if the sufficient condition < w of Theorem 3.4s fulfilled. By some calculation
we getoy = 11,63y = 7, Aqy 3y = 5/2, Aga 3y = 2, aq1 33 = 19 and foray, 3, = 18. Plugging in these
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valuesinC({3},1,2), h({3},2,1) orC({3},2,1), h({3}, 1, 2) respectively, then we gét({3},1,2) =
C({3},2,1) =110 andh({3},1,2) = h({3},2,1) = 78. Hence, we obtain
f({3},1,2) + C({3},1,2) + h({3},1,2) _ 84+110+78 _

68 > 22 = qa.
2. [0{3} +tCN —C{13} — 0{2,3}] 4

w=H({3},1,2) =

To summarize: the game is convex as desired and the conditier: of Theorem 3.2hat implies con-

vexity is valid. This example demonstrates the usefulness of the generalized sufficient condition for cases
where the interior solution assumption4fiads Theorem 3.1s not satisfied and the sufficient and neces-
sary conditionw > a is not anymore applicable. Of course, in case that the interior solution assumption
is satisfied the first choice to check convexity for linear oligopoly TU-games remains by verdfiads
conditionw > a. &

4 CONCLUDING REMARKS

In this paper we studied the convexity (supermodularity) property of linear oligopoly situations with and
without transferable technologies. Due to our rather effective proof technique to scrutinize the convexity
of the characteristic function of the corresponding oligopoly game by relying on a suitable chosen in-
terchangeability (symmetry) assumption about maximizers, we were able to derive for both game types
in a first step certain regular and monotonicity properties concerning the maximizers and the prices to
establish finally our convexity results. The proof of the main result for oligopoly situations without trans-
ferable technologies revealed that the revenues evaluated at appropriately chosen maximizers have to ex-
hibit supermodularity and that the associated costs are not important to obtain convexity. In addition,
we reanalyzed the linear oligopoly situation with transferable technologies first studigdamy(1999

to reestablish his sufficient and necessary condition for convexity without relying on his very restrictive
assumptions. Especially, for the case where for some associated coalitions the marginal costs exhibit su-
permodularity, we were able to derive a more general sufficient condition than the one derbddy

which only coincide under special assumptions. Since our approach was more general than the one chosen
by Zhaowe could not reproduce his necessary condition for convexity. Nevertheless, we could show that
the interior solution assumption made Hgaowas crucial to derive his necessary condition.
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